Detection and Modulation Theory:
Additional Homework
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Kay-11-3.14. Design a suitable hypothesis test for the fEob
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wherep is given. Comment on the special case when 0.

(After discussion by MacKay.) You are given a coin, ahd task is to
determine whether the coin is faif{) or not (H).

a) In the first experiment you decide to flip the coin a fixed namf)
of times and record how many headsg @nd how many tailstf you got
(n = h +t). You then compute the probabilipy thatif the coin were fair,
you would obtain an outcome as extreme, or more extreme, than this. If p,
is less than a predefined, fixed “plausibility” threshpjd(take 5% in this
problem) than you determine the coin is biagét ), otherwise you say it
is fair (Hy).

Suppose you decide to take= 12 (flip the coin 12 times) and you obtain
the sequenckhht hhhht hht . Do you decide orH, or H;?

b) In a different experiment you decide instead to flip thenamtil a fixed
number, say, of tails occur. You then record how many times (ou
had to flip the coin for this to happen. As before you then camphe



probabilityp, that if the coin were fair, you would obtain an outcome that is
at least as extreme as this, and decidéionf p, is less than the level 5%.

Suppose you decide to take- 3 and obtained the string abovehht hhhht hht |
i.e. the 3rd tail occurred after = 12 tosses. Do you decide adify or H,?

c) Do the experiments (a) and (b) lead to the same conclusiomw?, why?
Which experiment (a) or (b) do you think is most “fair"? Whiohe do you
prefer and why?

d) Design a Bayesian test and compute the a posterioritiged ratio ex-
plicitly. You may make any assumptions you wish, e.g., abi@lécture.

Hints: In a) you need to consider the distributiort ofior » fixed. In b), you
need to consider the distribution of for ¢ fixed.

EL2. Consider the BI-AGN channel with the following sighalnstellation and
bit-symbol mapping

61:0,6220182—3
61:0,62:1182—1
by=1,b,=1.5=1
by =1,bb=0:5s=3

(This mapping is called Gray mapping in communications.)

Suppose" = s + e wheree ~ N(0,0), o known andb,, b, independent.
Supposer? = 1.

a) Write up an expression for LL®; |r) and LLR(by|r).

b) Suppose

and

Draw LLR(b,|r) and LLR(b2|r) as functions of-. Carefully discuss the
result.

c) Repeat the experiment for
P(by = 0) = 1000 - P(b; = 1)

and
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How does the result for LLR|r) change? How does the result for
LLR (b2|r) change?

We assumed, b, are independent beforeis observed. Are they still
independent after was observed?

Kay-1-3.9 Consider

T1:a+61
T2:a+62

and suppose;, e, are jointly Gaussian with known varianeé and known
correlation coefficienp.

Compute the CRB for the estimation @based o, r, and sketch it as a
function of p. Discuss the result.

EL3. Consider ML estimation (deterministic parameter gectvith “nuisance
parameters”, that is, we are only interested in estimatisigset of the un-
known parameters. More precisely, if the likelihood funotisp(r|6,, 6>)
wheref; andf, are unknown (vector parameters) we are only interested in
estimatingd,, wheread), is an undesired nuisance parameter in which we
are not particularly interested.

a) One way to deal with nuisance parameters is to form theceatnated”
ML estimate

A

0, = argmax, p(r|0,)
where
p(r|0:) = H};;XP(TWb 0,)
Consider the partially linear model

r = A(01)02 +e

wheree ~ N(0,Q) for some positive definit€). Here A(6,) indicates
that A is a nonlinear matrix function of,. Derive the concentrated ML
estimate of;. You can assume that(8,) has full column rank for al; .

b) As alternatives to “concentrating” the likelihood fuiaet (formingp(-)),
an alternative approach is to consi@grandom and eliminate it by forming

0, = argrr;,axﬁ(rwl)
1
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where
B(rl0,) 2 Eo,[p(r|01, 02)] = / p(r]01, 02)p(8,)d6,

Consider again the model= A(6,)0,+ e and suppose it is known a priori
that@, ~ N(u, ¥) for some positive definitar. What is the resulting
estimate oh?

c) Comment on how the differences/similarities betweenréseilt in (a)
and (b).

EL4. Consider the scalar Gaussian model wheie.d.
i ~ N(u(0),0(0))

fori =1,..., N. Derive the scalar version of Slepian-Bang’s formula:

0= 3o ()

EL5. Prove the formulas for GLRT under linear Gaussian mgulesented in
class (left column only, i.e. the ca8e= 0 vs @ # 0).

EL6. Consider

'y = acos(¢) + €}

H, - x] = asin(@) + e‘i
xh = acos(¢) + €

xd = asin(¢) + e

Tt = acos(¢) + ¢}

i, - z{ = asin(¢) + € |
xh = —acos(¢) + €

x4 = —asin(¢) + €3

You want to discriminate betweef, and H, based o}, 2%, zi, z1. The
noisese are i.i.d. N(0,0) whereo is known. The gainv and phase are
unknown.

a) Explain why the problem is a simple model for demodulabbdiffer-
ential BPSK transmitted over a narrowband channel with dogd « and
phasep, whereg incorporates the phase of the previous symbol.
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EL7Y.

b) Suppose is unknown, uniformly distributed ovérr, 7] buta is known.
Construct the optimal Bayesian test.

¢) Under the assumptions made in (b), compute

What assumptions do you need to compute this quantity? Wihysisjuan-
tity important?

d) (optional) Comment on the case when neithemor « is known and
suggest a decision rule.

Hint 1. In the calculations it can be helpful to work with coleynumbers.
However, there is no need to work with complex random numbers

Hint 2. You may not be able evaluate all integrals in closeunfo (Use
Bessel functions if you want.)

(Expansion in discrete time.)

Consider a seris of samplés;, = x(kT)}i__, of a zero mean stationary
continuous-time random proces$t). Letx = [z_y,...,zn|T, r[k] =
Elz,z,_t) and letR = E[zz’] (i.e., Ri; = r[i — j)).

Let

N

1 .

Y — —_](.Un
W)= % kZ:_N Tre

be the Fourier transform af,.

a) Compute an expression f@HY (27n/(2N + 1))Y*(2nk/(2N + 1))].
Consider the limit wherdv — oo. Show that asymptotically (27n /(2N +
1)), Y (2rk/(2N + 1)) are uncorrelated fot # n and compute their vari-
ance. Explain how their variance relates to the Fourieisfiaam ofr[n].

For this you can assume covariance functiffj decays exponentially fast,
i.e. there is a positive constamtsuch thatr[k]| = O(e~I¥l)

b) Argue (heuristically) that for larg#/, the eigenvectors t& are Vander-

monde vectors of the forfa=7kN2r/CN+1) © 1 eIkN2m/@N+DIT and the

eigenvalues are given by taking uniform samples of the eodransform

of r[n]. (A rigorous treatment can be found in R. Gray’s tutorial, \NO
publishers 2006.)



ELS.

ELO.

c) Perform an empirical study as follows. Consider a banitiithprocess
with covariance functiom(¢) = sin(wot)/(wot). Plot the eigenvalue distri-
bution of R corresponding to sampling frequentyI for a suitably large
N and some different values of,.

How many eigenvalues aR are significant and how does the answer de-
pend onV, T"andw,? How many degrees of freedom (approximately) does
the sampled signal have? How do these observations relateatiove know
from the sampling theorem?

A communication system operates over an AWGN chanrtélwhite noise
(power spectral densityV, /2). The system communicates one information
bit (0/1) to the receiver by sending a waveform accordingheofollowing
scheme.

e To communicate a “0”, the transmitter sends nothing, é@), = 0 for
0<t<LT.

e To communicate a “1”, the transmitter flips a (fair) coin. letcoin
shows “head”, the transmitter sends the wavefayft), and if the
coin shows “tail,” it sends the wavefors(t) during0 <t < 7.

Suppose the transmitted bit is equally likely to be a “0” ot.“Also assume
thats,(t) ands,(t) have the same energdy:

/ "2yt - / A= E

Determine the optimal receiver and draw a block diagramcuis possible
approximations.

Prove the formula claimed in class

N, -2 N, -
(701 + HHT) =+ (I - H(EOI + HTH) HT> — Iy
0

(hint: use the matrix inversion lemma).



