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Abstract—We study the achievable rate region of the multiple-
input single-output (MISO) interference channel (IFC), under the
assumption that all receivers treat the interference as additive
Gaussian noise. The main result is a parameterization of the
Pareto boundary for the case where there are two users, the
transmitters use beamforming, and the channel state information
(CSI) is only partially known at the transmitters. The result is
illustrated by two numerical results.

I. I NTRODUCTION

We are concerned with the scenario where we have two
independent but mutually interfering wireless systems operat-
ing in the same spectral band. Systemi consists of one base
station BSi that wants to transmit information to a mobile MSi,
i = 1, 2. The communication in the systems is taking place
simultaneously on the same channel. The two mobiles hear
a superposition of the signals transmitted from the two base
stations. This setup is recognized as an interference channel
(IFC) [1]–[3]. We consider the case when BS1 and BS2 have
n transmit antennas and MS1 and MS2 have a single receive
antenna each. This setup is a multiple-input single-output
(MISO) IFC [4]. See Figure 1.

We assume that the transmission consists of scalar coding
followed by beamforming and that all propagation channels
are frequency-flat. The model for the matched-filtered, symbol-
sampled complex baseband data received at MS1 and MS2 will
then be

y1 = hT
11w1s1 + hT

21w2s2 + e1

y2 = hT
22w2s2 + hT

12w1s1 + e2.
(1)

In (1) s1 and s2 are the transmitted symbols,hij is the
n × 1 channel-vector between BSi and MSj andwi is the
beamforming vector used by BSi. Also e1 and e2 are noise
variables which we model as i.i.d. Gaussian with zero mean
and varianceσ2. We model the channel vectors as

hij ∼ CN (0,Qij)
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Fig. 1. The two-user MISO interference channel under study (illustrated for
n = 2 transmit antennas).

that is,hij is a complex circularly symmetric Gaussian random
vector with covariance matrixQij . Each base station can use
transmit powerP . Without loss of generality, we shall take
P = 1. This gives the power constraint

‖wi‖
2 ≤ 1, i = 1, 2.

The signal-to-noise ratio (SNR) will be defined as1/σ2.
One fundamental difficulty with the MISO IFC is the fol-

lowing [5]. If the two base stations operate in an uncoordinated
manner, how should they the choose their beamforming vec-
torsw1,w2? Obviously there is a conflict situation associated
with this choice. A vectorw1 which is good for the link
BS1 →MS1 may generate substantial interference for MS2

and vice versa.
The IFC is important because it models the situation where

a number of unrelated senders (base stations) try to com-
municate information to different receivers (mobile stations)
via a common channel. Recently there is a huge interest in
understanding IFCs [6], [7]. Finding the capacity region for
general IFCs is still an open problem, but various achievable



rate regions are known. We desire to understand what the
achievable rate region looks like in the case that the receiver
treats interference as noise. In particular we are interested in
the so-called Pareto boundary of the region. This boundary
consists of Pareto optimal operating points which are points
where it is impossible to improve the rate of one communi-
cation link without simultaneously decreasing the rate of the
other link. See Definition 1 in Section II below.

Our main result in this paper is a parameterization of the
Pareto boundary for the MISO IFC under the assumption that
the channel is zero-mean Gaussian with known covariance,
that is the transmitter has only statistical channel knowledge.
This extends our work in [8] where a corresponding parame-
terization was presented for the case of complete channel state
information (CSI), i.e.hij deterministic. Here we restrict our
treatment to the case that the transmitter performs beamform-
ing (single-stream) transmission, although this is suboptimal
for MISO channels with partial channel information [9].

The MISO IFC is important owing to the benefit from
multiple antennas compared to the single-input single-output
(SISO) scenario. At the same time, the receiver structure is
less complex than for multiple-input multiple-output (MIMO)
systems, at least when the interference is treated as noise.

Notation: (·)∗: complex conjugate.(·)T : transpose.
(·)H : Hermitian transpose.I: the identity matrix.ΠX ,

X(XHX)−1XH : orthogonal projection onto the column
space ofX . Π

⊥
X , I − ΠX : orthogonal projection onto the

orthogonal complement of the column space ofX.

II. T HE PARETO BOUNDARY

For fixed channel-vectors{hij} and a given pair of beam-
forming vectors{w1,w2}, the following rates are achievable:

R1 = log2

(

1 +
|wT

1 h11|2

|wT
2 h21|2 + σ2

)

(2)

for the link BS1 →MS1, and

R2 = log2

(

1 +
|wT

2 h22|
2

|wT
1 h12|2 + σ2

)

(3)

for BS2 →MS2. We define the achievable rate region as

R =
⋃

w1,w2,‖wi‖
2≤1

(R1, R2).

Since we only know the covariance matrices of the channel-
vectors we will study the expected value ofRi. Define R̄i

which is the expected value ofRi:

R̄i = Eh11,h21
[R1|h11,h21], (4)

where the expectation is over the distribution ofhij . Now we
will consider the region

R̄ =
⋃

w1,w2,‖wi‖
2≤1

(R̄1, R̄2).

We will need the following definition of Pareto optimality.

Definition 1 A rate tuple (̄R1,R̄2) is Pareto optimal if
there is no other tuple (̄Q1,Q̄2) with (Q̄1,Q̄2)> (R̄1,R̄2) and
(Q̄1,Q̄2) 6= (R̄1,R̄2). (The inequality is component-wise.)

In order to calculatēRi note that

wT
i hij ∼ CN (0, 1/λij),

where
λij ,

1

wT
i Qijw

∗
i

=
1

∥

∥

∥
Q

1/2
ij w

∗
i

∥

∥

∥

2 (5)

Therefore
αij , |wT

i hij |
2 ∼ exp(λij),

that is,pαij
(x) = λije

−λijx, x ≥ 0. By evaluating equation
(4) for i = 1 the expected value ofR1 can be expressed as

R̄1 = Eh11,h21
[R1|h11,h21]

= Eh11,h21

[

log2

(

1 +
|wT

1 h11|2

|wT
2 h21|2 + σ2

)]

= Eα11,α21
[R1|α11, α21]

= Eα11,α2

[

log2

(

1 +
α11

α21 + σ2

)]

=

∫ ∞

0

∫ ∞

0

p(α11)p(α21) ·

· log2

(

1 +
α11

α21 + σ2

)

dα11dα21

=

∫ ∞

0

∫ ∞

0

λ11e
−λ11α11λ21e

−λ21α21 ·

· log2

(

1 +
α11

α21 + σ2

)

dα11dα21 (6)

where we used thatα11 and α21 are independent sinceh11

andh21 are independent. The expression forR̄2 is similar as
for R̄1.

Proposition 1: Suppose the vectorswi, i = 1, 2 corre-
spond to a rate point (̄R1, R̄2) on the Pareto boundary. Then

a) wi ∈ span{Q∗
i1,Q

∗
i2}

1 and
b) ‖wi‖ = 1.
Item b) in Proposition 1 means that both base stations use

full power. In order to prove Proposition 1 we first state and
prove the following Lemma.

Lemma 1: Let λij be defined according (5). Then
R̄1 is monotonously decreasing withλ11 for fixed λ21 and
monotonously increasing withλ21 for fixedλ11.

Lemma 1 is proved in the appendix.
Proof (Proposition 1): We give the proof forw1; the proof

forw2 goes in a similar manner. The proof is by contradiction.
a) In order to arrive at a contradiction, suppose the statement

in the proposition is false. Then there exists aw1,
‖w1‖ ≤ 1, that corresponds to a rate point on the
boundary but for whichw1 /∈ span{Q∗

i1,Q
∗
i2}. Then we

can write:

w1 =
K

∑

i=1

α1iy1i +
K′

∑

j=1

β1jz1j +
n−K−K′

∑

m=1

γ1mu1m

1span{A, B} is shorthand for span{A} ∪ span{B}.



for some{α1i}, {β1i} and{γ1i}, where

K , rank{Q∗
11},

K ′ , rank{Q∗
12}

K ′′ , rank{Q∗
11Q

∗
12}

⊥

and

{y1i}
K
i=1 is an ON-basis for span{Q∗

11}

{z1j}
K′

j=1 is an ON-basis for span{Q∗
12}

{u1m}K′′

m=1 is an ON-basis for span{Q∗
11,Q

∗
12}

⊥.

Notice that not all vectors{y1i, z1j} necessarily need to
be orthogonal. If the statement in a) is false, thenγ1m 6= 0
for somem, saym = m′.
Let

w′
1 , w1 − γ1m′u1m′ .

We shall show that for fixedw2 we have
i) R̄′

1 = R̄1

ii) R̄′
2 = R̄2

iii) ‖w′
1‖ < ‖w1‖ ≤ 1

where (R̄′
1, R̄

′
2) is the rate point associated with

(w′
1,w2), that is

R̄′
1 , Eh11,h21

[

log2

(

1 +
|w′T

1 h11|2

|wT
2 h21|2 + σ2

)]

and

R̄′
2 , Eh11,h21

[

log2

(

1 +
|wT

2 h22|2

|w′T
1 h12|2 + σ2

)]

.

Item i) follows becauseu1m′⊥h∗
11:

|w′T
1 h11|

2 = |wT
1 h11 − γ1m′uT

1m′h11|
2 = |wT

1 h11|
2

Item ii) follows becauseu1m′⊥h∗
12:

|w′T
1 h12|

2 = |wT
1 h12 − γ1m′uT

1m′h12|
2 = |wT

1 h12|
2

To see the third item, consider

‖w1‖
2

=
∥

∥Πspan{Q∗

11
,Q∗

12
}w1

∥

∥

2
+

+
∥

∥

∥
Π

⊥
span{Q∗

11
,Q∗

12
}w1

∥

∥

∥

2

=
∥

∥Πspan{Q∗

11
,Q∗

12
}w1

∥

∥

2
+

K′′

∑

m=1

|γ1m|2.

This implies that

‖w′
1‖

2
= ‖w1‖

2 − |γ1m′ |2 < ‖w1‖
2,

which showsiii) .
Next define, for givenδ

w′′
1 , w′

1 + δ.

Also let

R̄′′
1 , E

[

log2

(

1 +
|w′′T

1 h11|2

|wT
2 h21|2 + σ2

)]

and

R̄′′
2 , E

[

log2

(

1 +
|wT

2 h22|2

|w′′T
1 h12|2 + σ2

)]

.

We will now show that there exists aδ such thatR̄′′
1 >

R̄′
1 = R̄1, R̄′′

2 = R̄2 and‖w′′
1‖ ≤ 1 that is,

iv) w′′
1 will cause an increase in̄R1 compared to

w1.
v) R̄2 will be unchanged whenw′′

1 is used instead
of w1.

vi) w′′
1 satisfies the power constraint.

We will, according to Lemma 1, decreaseλ11 in (5),
which will cause an increase of̄R1. Item iv) is satisfied
if

w′′T
1Q11w

′′∗
1 = (w′

1 + δ)TQ11(w
′
1 + δ)∗

(∗)
= (w1 + δ)TQ11(w1 + δ)∗

> wT
1Q11w

∗
1 (7)

where the equality(∗) is due to the fact thatu1m′⊥h∗
11

with probability 1 (cf. i) above). The inequality in (7) is
satisfied ifδ is chosen such that

2Re{δTQ11w
∗
1} > −δTQ11δ

∗. (8)

Next, note that itemv) is satisfied if

Q∗
12δ = 0 ⇔ δ ∈ span{Q∗

12}
⊥. (9)

To constructδ we proceed as follows. First choose aδ̄
so that equation (9) is satisfied and such that

∥

∥δ̄
∥

∥ = 1.
One way to do this is to solve

{

Q∗
12δ̃ = 0 (rank{Q∗

12} equations)
Ψδ̃ = 0 (rank{Q∗

11,Q
∗
12}

⊥ equations)
(10)

where the columns in the matrixΨ is an ON-basis for
span{Q∗

11,Q
∗
12}

⊥. The problem hasn dimensions. If
span{Q∗

11} = span{Q∗
12}, then we will haven equations

in the equation system (10) and we cannot find anyδ̃ 6= 0

that satisfies (10). But this case is unlikely since this
implies that the receivers are so close to each other that
the corresponding channel vectors belong to the same
subspace. If span{Q∗

11} 6= span{Q∗
12}, then there need

to be at leastn ≥ 3 transmitter antennas to find any
δ̃ 6= 0.
When aδ̃ is found, normalize it by settinḡδ = δ̃/

∥

∥

∥
δ̃
∥

∥

∥
.

Then chooseδ = ǫeiφδ̄ where ǫ > 0 (to be chosen
later) andφ = − arg δ̄

T
Q11w

∗
1. This choice will make

2Re{δTQ11w
∗
1} > 0.

It remains to chooseǫ > 0 such that‖w′′
1‖

2 ≤ 1. But

‖w′′
1‖ = ‖w′

1 + δ‖ ≤ ‖w′
1‖ + ‖δ‖ = ‖w′

1‖ + ǫ ≤ 1.

This requires thatǫ ≤ 1 − ‖w′
1‖

2. For example, take
ǫ = 1−‖w′

1‖
2. Hence we have shown:(w′′

1 ,w2) achieves
(R̄′′

1 , R̄2) where R̄′′
1 > R̄1, and R̄′′

2 = R̄2. Hence,
(R̄1, R̄2) cannot be on the Pareto boundary so we have
a contradiction.

b) To show that we must have‖w1‖ = 1 at the boundary
assume that‖w1‖ < 1. Let w′

1 = w1 + δ whereδ is
chosen according to the recipe above. This shows that if
‖w1‖

2
< 1 then it is possible to choose a neww′

1 such
that ‖w′

1‖ = 1, R̄1 is increased and̄R2 is unchanged.�



III. T HE SPECIAL CASE OF RANK{Qij} = 1

In this section we consider the special case of rank{Qij} =
1. This is the case with no angular spread. When this is the
caseQij can be written as

Qij = qijq
H
ij .

whereqij is ann-vector. Define

h̄ij ∼ CN (0, 1).

Then we can write

hij = h̄ijqij ∼ CN (0, qijq
H
ij ) = CN (0,Qij).

This means that the channel state information is known up to
an unknown scalar constant.

In this special case, the parameterization in Proposition 1
essentially reduces to Proposition 1 in [8].

IV. A N EXPLICIT FORMULA FOR THE AVERAGE RATE

To be able to make simulations we need an explicit formula
for the average rates̄Ri, i = 1, 2. First we rewrite (6) as

R̄1 = Eα11,α21

[

log2

(

1 +
α11

α21 + σ2

)]

= Eα11,α21

[

log2(σ
2 + α11 + α21) − log2(σ

2 + α21)
]

= Eα11,α21

[

log2(σ
2 + α11 + α21)

]

−Eα21

[

log2(σ
2 + α21)

]

= Eᾱ11ᾱ21

[

log2

(

σ2 +
ᾱ11

λ11
+

ᾱ21

λ21

)]

−Eᾱ21

[

log2

(

σ2 +
ᾱ21

λ21

)]

where ᾱ11 and ᾱ21 are independent standard exponentially
distributed random variables. We then define

p1 , 1/λ11 =
∥

∥

∥
Q

1/2
11 w

∗
1

∥

∥

∥

2

, p2 , 1/λ21 =
∥

∥

∥
Q

1/2
21 w

∗
2

∥

∥

∥

2

q1 , 1/λ22 =
∥

∥

∥
Q

1/2
22 w

∗
2

∥

∥

∥

2

, q2 , 1/λ12 =
∥

∥

∥
Q

1/2
12 w

∗
1

∥

∥

∥

2

and
f(x) , eσ2/xE1(σ

2/x), x > 0.

whereE1(·) is the exponential integral [11]:

E1(y) ,

∫ ∞

y

e−t

t
dt.

From (37) in [10] we then have

R̄1 = λ11λ21

(

exp(σ2λ11)E1(σ
2λ11)/λ11

λ21 − λ11

+
exp(σ2λ21)E1(σ

2λ21)/λ21

λ11 − λ21

)

−

− exp(σ2λ21)E1(σ
2λ21)

=
p1

p2 − p1
(f(p2) − f(p1)) (11)

We also have

R̄2 =
q1

q2 − q1
(f(q2) − f(q1)). (12)
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Fig. 2. Rate region for a system with low interference, SNR=10 dB. (The
roughness of the curve is an artifact of the numerical simulation.)

V. SIMULATIONS

The purpose of this section is to illustrate Proposition 1 with
two numerical examples. We used two different sets of channel
covariance matrices: one set with low interference between
the systems (see Fig. 2), and one set with high interference
(see Fig. 3). For the case with high interference we chose
the covariance matrices such that span{Q12} was close to
span{Q11} and such that span{Q21} was close to span{Q22}.
In both simulations we usedn = 5 transmit antennas and
rank{Qij} = 2.

To plot the Pareto boundary we generated a large number
of random beamforming vectors using the parameterization of
Proposition 1. More precisely, we constructed the beamform-
ing vectors according to

wi =

Ni
∑

j=1

ai,jψi,j (13)

whereNi = rank{Q∗
i1,Q

∗
i2} and {ψi,j}

Ni

j=1 is an ON-basis
for span{Q∗

i1,Q
∗
i2}. Also, ai,j are complex-valued numbers,

chosen randomly but such that
∑Ni

j=1 |ai,j |2 = 1 (i.e., such that
the power constraint is satisfied). For each simulation we used
5 · 1010 pairs of beamforming vectors, generated according to
(13).

Figs. 2 and 3 show the results for the cases of low inter-
ference and high interference, respectively. One observation is
that the rate region is not necessarily convex.

VI. T IME-SHARING

When the rate region is non-convex, it is possible to use
time-sharing to achieve points outside the Pareto boundary.
The idea with time-sharing is that the systems operate at one
given rate point a fraction of the time, sayτ , and at another rate
point the rest of the time (the remaining fraction is1−τ ). This
means that any point which lies on a straight line between two
points in the rate region is achievable by time-sharing. As a
consequence, the rate region achievable by time-sharing will
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Fig. 3. Rate region for a system with high interference, which leads to a
non-convex region. The dashed line is the convex hull. SNR=10 dB.

be the convex hull of the original region. Let(R̄1, R̄2) and
(R̄′

1, R̄
′
2) be two rate points within the Pareto boundary. The

convex hull is then defined as

R̄ =
⋃

0 ≤ τ ≤ 1
(R̄1, R̄2) ∈ R
(R̄′

1, R̄
′
2) ∈ R

(

τR̄1 + (1 − τ)R̄′
1, τR̄2 + (1 − τ)R̄′

2

)

.

This is the dashed line in Fig. 2 and Fig. 3. Proposition 1 can
be useful also to parameterize the region with time-sharing.

VII. C ONCLUSION

The motivation for this paper has been the huge interest
in IFCs as a model for spectrum resource conflicts. We have
studied the MISO IFC, and especially the case when the CSI is
not perfectly known at the transmitter. Our main contribution
is a parameterization of the Pareto boundary of the achievable
rate region of the MISO IFC. The results should be useful for
future research on resource allocation and spectrum sharing
for situations that are well modeled via the MISO IFC.

APPENDIX

Proof of Lemma 1: From (6) we have

R̄1 =

∫ ∞

0

∫ ∞

0

λ1e
−λ1α1λ2e

−λ2α2 ·

· log2

(

1 +
α1

α2 + σ2

)

dα1dα2.

Set
α′

1 = λ1α1 dα′
1 = λ1dα1

α′
2 = λ2α2 dα′

2 = λ2dα2
.

This implies that

R̄1 =

∫ ∞

0

∫ ∞

0

e−α′

1e−α′

2 ·

· log2

(

1 +
α′

1/λ1

α′
2/λ2 + σ2

)

dα′
1dα′

2

<

∫ ∞

0

∫ ∞

0

e−α′

1e−α′

2 ·

· log2

(

1 +
α′

1/(λ1 + ∆1)

α′
2/λ2 + σ2

)

dα′
1dα′

2

for any ∆1 > 0. This shows “decreasing withλ1 for fixed
λ2”. Similarly to show “increasing withλ2 for fixed λ1”:

R̄1 =

∫ ∞

0

∫ ∞

0

e−α′

1e−α′

2 ·

· log2

(

1 +
α′

1/λ1

α′
2/λ2 + σ2

)

dα′
1dα′

2

>

∫ ∞

0

∫ ∞

0

e−α′

1e−α′

2 ·

· log2

(

1 +
α′

1/λ1

α′
2/(λ2 + ∆2) + σ2

)

dα′
1dα′

2

for any ∆2 > 0. �
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