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Abstract—We study the achievable rate region of the multiple- f h
input single-output (MISO) interference channel (IFC), under the 11
assumption that all receivers treat the interference as aditive BS, MS,;
Gaussian noise. The main result is a parameterization of the j
Pareto boundary for the case where there are two users, the hio
transmitters use beamforming, and the channel state inforration
(CSl) is only partially known at the transmitters. The result is
illustrated by two numerical results.
. INTRODUCTION
We are concerned with the scenario where we have tw j hay
independent but mutually interfering wireless systemgaipe
ing in the same spectral band. Systérmonsists of one base BS, i MS,
station BS that wants to transmit information to a mobile MS j hoo
i+ = 1,2. The communication in the systems is taking place

simultaneously on the same channel. The two mobiles hear

a SL_JperpOSI_tlon of th_e Slgnals_transmltted_ from the two balgﬁ. 1. The two-user MISO interference channel under stiltysifated for

stations. This setup is recognized as an interference ehann= 2 gransmit antennas).

(IFC) [1]-[3]. We consider the case when B8nd BS have

n transmit antennas and M%nd MS have a single receive

antenna each. This setup is a multiple-input single-outpiiat is,k;; is a complex circularly symmetric Gaussian random

(MISO) IFC [4]. See Figure 1. vector with covariance matrig),;. Each base station can use
We assume that the transmission consists of scalar codirgnsmit powerP. Without loss of generality, we shall take

followed by beamforming and that all propagation channel8 = 1. This gives the power constraint

are frequency-flat. The model for the matched-filtered, syimb

2 -
sampled complex baseband data received at 846l MS, will lwil|” <1, i =1,2.

then be r r The signal-to-noise ratio (SNR) will be defined B&>.
Y1 = hjwisy + hy wasy + e (1) One fundamental difficulty with the MISO IFC is the fol-
— hT + hT wiS; + eo. . . . .
Y2 22W252 12W151 T €2 lowing [5]. If the two base stations operate in an uncoordida

manner, how should they the choose their beamforming vec-
n x 1 channel-vector between B@ind MS, and w; is the torswy, wy? Obviously there is a conflict situation associated
. T

beamforming vector used by BSAISo ¢; and e, are noise with this choice. A vectorw; which is good for the link

variables which we model as i.i.d. Gaussian with zero me&p1 —MS: may generate substantial interference for,MS

and variancer2. We model the channel vectors as and vice versa. . o
The IFC is important because it models the situation where

hi; ~CN(0,Q;;) a number of unrelated senders (base stations) try to com-
municate information to different receivers (mobile sias)
This work was supported in part by the Swedish Research @o@fR)  yjg a common channel. Recently there is a huge interest in
and the Swedish Foundation of Strategic Reasearch (SSHarEson is a . LT . .
understanding IFCs [6], [7]. Finding the capacity region fo

Royal Swedish Academy of Sciences Research (KVA) Fellowpsttpd by ) ’ ) -
a grant from the Knut and Alice Wallenberg Foundation. general IFCs is still an open problem, but various achievabl

In (1) s; and sy are the transmitted symboldy;; is the



rate regions are known. We desire to understand what theDefinition 1 A rate tuple (,R.) is Pareto optimal if
achievable rate region looks like in the case that the receithere is no other tuple@;,Q2) with (Q1,Q2)> (R1,R2) and
treats interference as noise. In particular we are intedest (Q1,Q2) # (R1,R2). (The inequality is component-wise.)
the so-called Pareto boundary of the region. This boundaryin order to calculate?; note that

con5|st§ pf _Pareto_optlma_l operating points which are pom_t w?hij ~ CN(0,1/Mi)),

where it is impossible to improve the rate of one communi-

cation link without simultaneously decreasing the ratehsf t where 1 1

other link. See Definition 1 in Section Il below. Nij & 5 (5)

wiQ;;w; HQl./Q'w’F
ij 4

Our main result in this paper is a parameterization of the
Pareto boundary for the MISO IFC under the assumption thﬁ%
. : ; : erefore
the channel is zero-mean Gaussian with known covariance,
that is the transmitter has only statistical channel kndgée
This extends our work in [8] where a corresponding param#hat is, pa,, () = Aije 4%, x > 0. By evaluating equation
terization was presented for the case of complete charatel s(4) for i = 1 the expected value dk; can be expressed as

ay £ Jw] hij|* ~ exp(X;),

information (CSlI), i.eh;; deterministic. Here we restrict our R - E
. 1 = Eny o [Ri|hi1, ho]

treatment to the case that the transmitter performs beamfor T2
ing (single-stream) transmission, although this is suibwgdt = En, hy [10g2 (1 + |T‘”1—11|H
for MISO channels with partial channel information [9]. 7 lwj ho1]? + 02

The MISO IFC is important owing to the benefit from = Eayan [Ra]ar, a2
multiple antennas compared to the single-input singlguaut _ g [10 (1 n Q11 )]
(SISO) scenario. At the same time, the receiver structure is T Powas |1082 Q91 + o2
less complex than for multiple-input multiple-output (MO} 00 oo
systems, at least when the interference is treated as noise. = / / p(oan)p(aet) -

Notation:  (-)*: complex conjugate.(-)”: transpose. 0 o
(-\)¥: Hermitian transposel: the identity matrix.TIx £ -logy (1—1— Ti—lo—?) dayidas

X (x"x)~'x*": orthogonal projection onto the column o
space ofX. IIx £ I — I1x: orthogonal projection onto the = / / Appe M1\ e A2
orthogonal complement of the column spaceXof 0 Jo

11
Il. THE PARETO BOUNDARY +log, (1 T o + 0.2) danidas (6)

For fixed channel-vectorgh;;} and a given pair of beam- where we u_sed that;; anday; are inqlepe_nd.ent.sinobu
forming vectors{w, w-}, the following rates are achievable:and h2; are independent. The expression oy is similar as

for R;.
Ry = log <1 T [wi b | ) @) Proposition 1: Suppose the vector®;, i = 1,2 corre-
2 |wi o1 |2 + 02 spond to a rate pointR;, R>) on the Pareto boundary. Then
for the link BS, —MS;, and gg ﬁv i Sp?r{QZ,Qi‘z}l and
w;|l = 1.
Ro = log (1 + |wd hoo|? ) 3) Item b) in Proposition 1 means that both base stations use
? |wi his]? + 02 full power. In order to prove Proposition 1 we first state and

prove the following Lemma.

Lemma 1: Let )\;; be defined according (5). Then

R = U (R, Ry). R, is monotonously decreasing witky; for fixed \»; and
monotonously increasing withy; for fixed Ay .

Lemma 1 is proved in the appendix.

Since we only know the covariance matrices of the channel-Proof (Proposition 1): We give the proof forw: ; the proof
vectors we will study the expected value &f. Define R; for w, goes in a similar manner. The proof is by contradiction.
which is the expected value @t;: a) In order to arrive at a contradiction, suppose the stateme
in the proposition is false. Then there existsua,

for BS, —MS,. We define the achievable rate region as

wi,wa,|lw; ||*<1

Ri = Ehy,y hoy [Ra|ha1, hanl, (4) |wi] < 1, that corresponds to a rate point on the
where the expectation is over the distributiontof. Now we boundary but for whichw, ¢ spaq@Q;;, Qj»}. Then we
will consider the region can write:

~ - K K’ n—K-K'

R = U (Rlv R2)- w1 = Zaliyli + Zﬁljzlj + Z YimU1im

wi,wa,||w;||2<1 i=1 j=1 m=1

We will need the following definition of Pareto optimality. Ispa{ A, B} is shorthand for spgm} U spaf B}.



for some{ay;}, {01:} and{;}, where

K =rankQi,},
K' £rankQ;,}
K"= rank{QllQlQ}
and
{y; 1K | is an ON-basis for spdif)7; }
{z}E is an ON-basis for spdi)7,}
{ulm}m:1 is an ON-basis for spdi®);;, Q7).

Notice that not all vector$y,,, z1,;} necessarily need to
be orthogonal. If the statementin a) is false, then # 0
for somem, saym = m/.
Let

A

= wl

/
'11)1 — Y1im/ Ulm’ -

We shall show that for fixedv, we have

) R =R
i)  R,=Re
i) flwi| <[wi] <1

where (R}, R)) is the rate point associated with
(w',wy), that is
= w h11|2
R\ A2 FE lo 14 |—
1 hi1,h21 |: g2 ( |’UJ2 h21|2+02
and
[wf has|®
|’LU/1Th12|2 + o2 '

Item i) follows becauseus,, Lhj;:

R/2 £ Eh117h21 |:10g2 (1 +

[w"hi1|? = |w] hiy — Yimeul,, b |? = Jw] b
Item i) follows becausaut,, Lhj,:
[wi hio|* = [w] hia — Yimul,, hiol? = [w] hiof?
To see the third item, consider
2 2
lwil” = | TMsparqs, @z,ywi]|” +
iR
+HHSpar{Q’1*1,Qfg}w1H
2 K//
2
= | Mgars,.quiwi” + Y ml*
m=1
This implies that
2 2 2
[w I = [lws]|* = [ram > < w7,
which showsiii) .
Next define, for givery
wl 2w +6.
Also let
B ,w//Thll|2
R!'2 E |lo 1+ |1—
1 g2 |w%“h21|2 +0_2
and

[w3 haol?

RIEE| 14— 2 =20 ).
2 {Og2< - |’w’1'Th12|2+0’2)}

b)

We will now show that there exists & such thatR; >

R} = Ry, R = Ry and||Jw}|| <1 that is,
iv)  w/ will cause an increase i, compared to
wi.
V) Ro will be unchanged whew is used instead
of wi.
vi)  w/ satisfies the power constraint.

We will, according to Lemma 1, decrease; in (5),
which will cause an increase dt;. Itemiv) is satisfied
if

"1"”1TQUUJW1k

(W) +6)"Qy, (w) + &)
(wy +6)" Q11 (w1 + 6)*
> wiQw} (7

where the equality*) is due to the fact that;,, L k7,
with probability 1 (cf.i) above). The inequality in (7) is
satisfied ifd is chosen such that

—
*
~

2Re{67 Q,,wi} > -6 Q0" (8)
Next, note that itenv) is satisfied if
Q720 =0 = 6 € spaf{Qj,} . 9)

To constructd we proceed as follows. First ghoosefia
so that equation (9) is satisfied and such théll = 1.
One way to do this is to solve

Q1,6 =0 (rank{Q?,} equations) (10)
¥6=0 (rank{Q:,,Q7,}* equations)

where the columns in the matri# is an ON-basis for
spa{Qi;,Q;,}*. The problem has: dimensions. If
spafQ7,} = spaf Q7. }, then we will haven equations

in the equation system (10) and we cannot find &5y 0

that satisfies (10). But this case is unlikely since this
implies that the receivers are so close to each other that
the corresponding channel vectors belong to the same
subspace. If spdi®)7,} # spafQi,}, then there need

to be at leastn > 3 transmitter antennas to find any

5 #0.

When aé is found, normalize it by setting = 6/” H

Then choosed = ee“f’é wheree > 0 (to be chosen
later) andqs = —arg6 Q. wj. This choice will make
2Re{6" Q, wi} > 0.

It remains to choose > 0 such that|jw/||> < 1. But

[w]| = lwy + 8| < [lwy || + 18] = [wh]| +e < 1.

This requwes that < 1 — ||w)||>. For example, take

¢ = 1—|lw}||*>. Hence we have showfw/, w-) achieves
(R}, Ry) where R} > R, and Rj Rs. Hence,
(Ry, R2) cannot be on the Pareto boundary so we have
a contradiction.

To show that we must havaw,|| = 1 at the boundary
assume thafjw;|| < 1. Let w] = w; + § where$d is
chosen according to the recipe above. This shows that if
|w:||* < 1 then it is possible to choose a naw; such
that ||w/|| = 1, R, is increased and, is unchanged.]



IIl. THE SPECIAL CASE OF RANK{Q;;} =1

In this section we consider the special case of {&@k} = a5 - Pareto boundary with time-sharing
1. This is the case with no angular spread. When this is tt '
caseqQ,;; can be written as 7 3
S
— H T 25
Qij =4;;9;;- % i
. . 2 o Pareto boundary
whereg;; is ann-vector. Define s
- S 15
hij ~ CN(0,1). 2
. 1L
Then we can write
- " 0.5
hij = hijq;; ~ CN(0,q;;q;;) = CN(0,Q,;;).
O —_ A -

i i i i 0 0.5 1 15 2 2.5 3 35 4
This means that the channel state information is known up 1 Tbits/channel uee]
an unknown scalar constant.

In this special case, the parameterization in Proposition 1

; it ; Fig. 2. Rate region for a system with low interference, SN®dB. (The
essemla”y reduces to Proposition 1 in [8] roughness of the curve is an artifact of the numerical sitiorg

IV. AN EXPLICIT FORMULA FOR THE AVERAGE RATE

To be able to make simulations we need an explicit formula
for the average rateR;, i = 1,2. First we rewrite (6) as
The purpose of this section is to illustrate Proposition thwi
)] two numerical examples. We used two different sets of chlanne
) ) covariance matrices: one set with low interference between
= Eayam [1082(0% + ann +az) —logy (0% + az1)]  the systems (see Fig. 2), and one set with high interference
= Fuyi.0m [log2(02 + a1 +a21)} (see Fig. 3). For the case with high interference we chose
B, [1og2(02 +a1)] the covariance matrices such that sp@gp,} was close to
- _ spa{ @ } and such that spd),, } was close to spdiQ,, }.
2, @11 Q21 ; ; _ ;
= FEa,a {log2 <o— ot )\—)] In both simulations we used = 5 transmit antennas and
o 21 rank{Q,;} = 2.
—Ea,, [logz (02 4 %)] To plot the Pareto_boundary we_generated a Iargg number
21 of random beamforming vectors using the parameterization o
where a1, and a»; are independent standard exponentiallfroposition 1. More precisely, we constructed the beamform
distributed random variables. We then define ing vectors according to

V. SIMULATIONS

[0
Ry = Ean,azl |:10g2 (1 + —

a1 —|—0’2

1/2 & 2 1/2 & 2 N;
p1=1/A1 = H 1{ wi 2, p2 =1/ = HQQ{ w} ) w; — Z(Ii,ﬂ/’i,j (13)
a1 21 e = Qw022 1/32 = Q1w =
and where N; = rank{Q},,Q}»} and {1/%,3‘};-\];1 is an ON-basis
flz) 2 602/IE1(0'2/.I'), z> 0. for spaf@Q;,, Q;,}. Also, a; ; are complex-valued numbers,

chosen randomly but such th@?ﬁl la; j|* =1 (i.e., such that

the power constraint is satisfied). For each simulation veslus

N /°° et 5-10'° pairs of beamforming vectors, generated according to
Yy

where E; (+) is the exponential integral [11]:

Ei(y) = ——dt. (13).

F 37Y in 110 hen h Figs. 2 and 3 show the results for the cases of low inter-
rom (37) in [10] we then have ference and high interference, respectively. One observi

- exp(a? A1) E1(0?A11) /A1 that the rate region is not necessarily convex.
Ry = Az oL — it
VI. TIME-SHARING
eXp(Uz/\gl)El(O'2)\21)//\21 i i L .
+ M1 — Mot - When the rate region is non-convey, it is possible to use
time-sharing to achieve points outside the Pareto boundar
—exp(0®Xa1) E1 (0% A\a1) 9 b y

1 The idea with time-sharing is that the systems operate at one
= (f(p2) — f(p1)) (11) given rate point a fraction of the time, sayand at another rate
P2— M point the rest of the time (the remaining fractioriis 7). This
We also have means that any point which lies on a straight line between two
Ry = ! (f(g2) — F(q1). (12) points in the rate region is achievable by time-sharing. As a
42 — Q1 consequence, the rate region achievable by time-sharithg wi




This implies that

35
3 i oo oo , ,
R = / / e e
§2s Pareto bound ith time-sharing | o LA
=] areto bounaary wi Ime-sharing [0
T . Jogy |1+ 21— ) doy dady
£ 2 1 ab/Ae + o2
©
g o0 oo ’ ’
215 ] < / / e Mm% .
= o Jo
S . ] /M +AD)N
.. -lo 1+ —4—————~ | dajda
. g | 1+ b/ + 02 100
0.5 Pareto boundar 1 . . . .
Y for any A; > 0. This shows “decreasing with; for fixed
0 . n \ \ - " A", Similarly to show “increasing with\, for fixed A;”:
0 05 1 15 2 25 3 35 4
R, [bits/channel use] B oo oo , ,
R = / / e e %2 .
o Jo
Fig. 3. Rate region for a system with high interference, WHieads to a 0/1//\1 P
non-convex region. The dashed line is the convex hull. SNRB. -1Og2 1+ TN, 12 dalda2
abh/Ae + o
o0 oo
. . - > e~ e %
bg thg convex hull of the original region. LéR;, Rs) and o Jo
(R}, RS) be two rate points within the Pareto boundary. The o) /M .,
convex hull is then defined as logy |1+ o/ Oz + Do) + 02 dory dory
R = U (TRi+ (1 —7)R},7Ro+ (1 —7)R}).  for any A, > 0. 0
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