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Accuracy Comparison of LS and Squared-Range L
for Source Localization

Erik G. Larsson and Danyo Danev

Abstract— In this correspondence we compute a closed-form
expression for the asymptotic (large-sample) accuracy ofhe ] )
recently proposed squared-range least-squares (SR-LS) mhed With respect tar andy, where we have defined the averaged
for source localization [1]. We compare its accuracy to thabfthe measurements
classical least-squares (LS) method and show that LS and SES 1 X
perform differently in general. We identify geometries whee the 1, = — Z Tm,n = \/(xo —2m)?+ (Yo — Ym)? +em- (2)
performances of the methods are identical but also geomets N nel
when the difference in performance is unbounded.

In(2),em 2 & SN e, ., is averaged noise. LS is equivalent
to maximum-likelihood (ML) ife,, , are independent identi-
cally distributed (i.i.d.) zero-mean Gaussian. This ireplthat
Source localization is important in many applications, fors achieves the Cramér-Rao bound (CRB) on the achievable
example, GPS [2], positioning of mobile phones [3], [4] andccuracy, whenV is large [6]. LS comes with an important
localization of nodes in a sensor network [5]. We consider thyrawback, however. The functiofys(z, y) is nonconvex, and
problem of source-localization in two dimensions, using@b it is therefore difficult to minimize.
lute range measurements. Specifically, the task is to determ Recently, Beck et al. [1] proposed an alternative locaitirat
the position of a source nod§ located at the coordinatesmethod, SR-LS, that is based on squaring all measurements
(z0,y0) € R?, from a set of noisy distance measurements Kxfore the least-squares fit takes place. More precisedy, th
M anChOfSAl, e A Anchor A4, is located a(xm,ym) € SR-LS method forms a position eStimE(@SR—LS; ySR—LS)
R?, m = 1,..., M. For future use, let us call the set of anchorgy minimizing the following function with respect to andy:

I. INTRODUCTION, MODEL AND PROBLEM FORMULATION

A% {A,.., Ay}. The true distance betweehand A,, is M
2
o 2 \/w0 = 22 + (90 — Y2 fsp-rs(@.9) £ 3 (= ((=zmn)’ + r=ym)’))~ @)
m=1
We assume thalv' independent measurements ,, of each por a7 — 2, LS and SR-LS are equivalent in all cases of
distanced,, are available practical interest because then, any) can be found for

P = o+ € = /(@0 = 0m) (0 — Ym)? + e, WICN f15(3,8) = fr-rs(@,y) = 0. This corresponds to
finding the intersection point(s) between two circles, fuled
n=1,.., N, wheree,, , are measurement errors. that the circles do intersettFor M > 2, LS and SR-
We are interested in the asymptotic (lar§ behavior of |S are not equivalent. In particular, SR-LS is suboptimal
two specific source localization methods, namely the dassiin the ML sense ife,,., are Gaussian. SR-LS however, has
least-squares (LS) [6], [7] and the more recently proposgfother exceptionally attractive advantage over LS: tobajl
squared-range least-squares (SR-LS) method [1]. LS is Welinimum of f5;_.s(-) can be found exactly, using standard
known and estimates the position by a straightforward {eagfet sophisticated) optimization tools [1]. The questitiatt

squares fit: remains, however, is how much accuracy is lost when using
N M , SR-LS instead of LS. To some extent this question was ad-
(£Ls, firs)=argminy _ Z(rma”_\/ (:c—xm)2+(y—ym)2) . dressed in [1]. However, the performance investigatioassin
Y p=1m=1 were limited to simulations of specific scenarios from which

it is hard to draw general conclusions. In this corresponden
we compute the asymptotic (larg€) accuracies of LS and
SR-LS in closed form and compare them.
2 To facilitate the analysis, we will assume that the eregys,
A _ _ 2 _ 2 ! p
frs(oy) = 37 (rm Vi@ =)’ + (Y = ym) ) (@) are independent with zero mean, variandglg?, | = o2,

It is not hard to show that finding the poifi£.s,4rs) is
equivalent to minimizing

M

m=1 zero third-order moment, and bounded fourth-order moment
Copyright (c) 2008 IEEE. Personal use of this material ismited. FElet ] = aoc*, for some constant.? This is satisfied

However, permission to use this material for any other psepomust be fq5r most symmetric distributions of interest, those frone th

obtained from the IEEE by sending a request to pubs-peronis@ieee.org. . [ . .
The authors are with Linkoping University, Dept. of Elecal €XPOnential family in particular. For example, for Gaussia

Engineering  (ISY), SE-581 83 Linkdping, Sweden. Email:

{egl , danyo}@sy. | i u. se. Phone: +46-13-281312, 281335. 1Throughout the paper, we shall assume than any ambiguit@snique
This work was supported in part by the Swedish Research @qiiR), the  global minimum of f(x, y)) can be resolved.
Swedish Foundation of Strategic Research (SSF) and the ICEdlUNndation. 2At some expense in notation, the accuracy analysis prabéntavhat

E. Larsson is a Royal Swedish Academy of Sciences (KVA) Rebeellow follows can be extended to the case whgn », have different variances. In
supported by a grant from the Knut and Alice Wallenberg Fatind. this case, weigths need to be introduced into the cost fumet(1) and (3).



measurements errors we hawe= 3. We do not make any Hence, to carry out the analysis, we need to determine
further assumptions om,, ,. Under these assumptions wehe 2 x 2 matricesE[f’f’T] and F”'. Let us introduce the

have fore,, in (2): following notation for their elements:
Elen] = 0,E[e2)] = 62/N, Elet] = 0*(3+ («—3)/N) /N>, Ty A [¢11 m] N [?/111 7/)12}
[f f ] ¢21 ¢22 and £ = 1/}21 "/)22 ' (7)

Finally, for notational convenience, but without loss ofhige
ality, from now on we will assume that the true locationsf For future use, we also define the following quantities, \Wwhic
is (0, y0) = (0,0). depend only on the anchor coordinates:

A Lm A M2
Il. PRELIMINARIES: ASYMPTOTIC ANALYSIS TOOLS Xa(A) = Z 2 4 y2 » Xo(A) = D T

We briefly recapture some basic facts about large-sample
analysis in nonlinear estimation. See, e.g., [8]-[10] for a
detailed treatment. The task at hand is to determine the

>

<
3
=
=
>

Ya (‘A) = 271\7521 y’?nﬁ

8
asymptotic (largeN, fixed o2, and fixed M) statistics of  7,(A) 2 ;Emme L Zo(A) A My, ®
the location estimate&z, §) obtained by minimizing (1) and T T Um
(3), respectively. The standard way to carry out this type of X, (A) 2 ZM 22 (22, +y2))
analysis is to compute the curvature of the cost functioallgc Yo(A) 2 Z?ﬁf—l ygl(xén + y;n)7
around its minimum, typically by approximating it with a Z° 4) 2 mel " ”E jr” ’2)
guadratic function. More precisely, let ¢ = Zem=1TmYm L T Ym

2
relion] we| BN O
5y (0,0) 250,00 5£(0,0)
be the gradient and the Hessian fif) evaluated at the true [1l. ASYMPTOTICACCURACY OFLS
location (x,y) = (0,0) and define
F" = lim F”.
N—oo

LS works by minimizing (1) with respect taz(y). With

Then, provided thatF” is continuous and that the estimate
zero-mean white Gaussian noise, the performance of LS

(Z,9) is consistent, i.e(Z, ) — (0,0) asN — oo, we have

that for NV | (£.4) ~ N(0.Q), wh coincides with the CRB. See, e.g., [7, App. A] for the case
atfor.yv large (z’y_) 0,Q) w_ere of N = 1. Hence, in principle, we could use well known
QL (F)'E[ffT)(F" . (4) formulas for its accuracy. However, a direct calculatioonir

Both LS and SR-LS are consistent, because whéfst principles is short, so we include it for completeness,
N — oo, both frs(z,y) and fsgp_rs(z,y) converge and as a preparation for the analysis of SR-LS. Note that this
uniformly to functions that have a unique global minicalculation does not assume Gaussianity of the measurement
mum at (0,0). (Recall footnote 1 about ambiguities.) Morenoise.
precisely, sup(, ,ycq lfos(@,y) — ffs(z,y)l — 0 and  \we calculate the first partial derivatives as

SUP(z e | fsr-Ls(z,y) — f§r_rs(z,y)| — 0 whenN —
oo for any compact sef?, where emTm

Z and Z emym
M 9 RV VAT
e (Vi -V ) s | o
m=1 Equations (7) and (9) and the independence,pfande,, for
M , m#n give us the entries ofZ[f'f"']:
Ferers(@y) 2 Y (@ +um) = (@=2m)* +(y—ym)?)) i - oz Mo
m=1 — of — L 7$m
(5) fu =8 _(é%(o’o)) ] N =+
To show this convergence, we use the fact that, are i.i.d. _ 402X ,(A)
with finite variances, and the law of large numbers [11, p}213 N ’ u
to establish that [ of 2] 40 Ym
\/7 22 = B (‘9—74(0’0)) - N 2 + 92
lim r,, =22, + y2,. 6 L — m=1"m m
i v © 404
Since the convergence is uniform an@%(z,y) and N N

fS$h_rs(z,y) have unique minima a0, 0), it follows that [Bf 0.0 0 0} B @ M TmYm

(Zrs,9rs) — (0,0) and (Zsgr-rs,Ysr—rs) — (0,0) as ( ) ( )| = N x2, +y2,
N — oo (see, e.g., [10, Exercise 7.15]). Furthermore, both 402 Z,(A)
frs(z,y) and fsr_rs(z,y) are continuously differentiable =N
an arbitrary number of times. In particuldf,’ is continuous. (20)

12:¢21
m=1



The second partial derivatives are calculated as With ¢;; and;; defined in (7), straightforward but tedious
algebra gives

2f < Iy
(0,0) = 2 (1 7’”) 2
922 mz:; z2, +y2,)3/? P11 = E[(%(an)) }
0% f M T'mTmYm R 2
5205 ®0 = 227@2 A (11) = 16 (4zm 122 (22, 4 2 S (S o )
2 2 +2 (2 + a a3 $72n
22(00) = 22( ﬁ) 7 ( )ZmlM) i
i = O% ¥ (A) + L8 [(Zm_l xm) +2Xb(A)]
Using (6), the entries of"” follow as leti(aiB)o4 Xy (A)
N3 )
92 M 2 2
o°f zy, Poo = E[ 91(0,0 }
1/111— hm W(O 0) :27712:1%:2)(@(./4)7 22 (611( )) 2 y
iy & = 2 (150 R (S0 )
o= lim —-2(0,0) =2 o =2Y,(A), B
= 0y? s Tt 5 (24 570 ol vk (16)
2 2
o0 f TmYm _ 6402 160* M
W12 =z = Jlim L, 950y ——(0,0)= z,:leﬁy?n =27,(A). = %7 YC(A)4+ o {(Zm_l ym) +2n(A)]
,(12) +HTAT Y (A),
From (10) and (12) we observe tha[f f"] = 2-F". b12 = o1 = E ﬂ(o,o)ﬂ(o,o)}
Using (4), this gives the asymptotic (largé error covariance 1602 ?\; %y ) )
matrix = N 54 > m=1 Tm¥Ym (T, + Yp,)
2 o2 M M
Qus=(F") Bl fY(F ) = 2 () i Zm;"”m) (Znam)
o 202 { 1/}22 1/)12:| (13) + (2 + ) Zm 1 xmym)
N(11v: — Yravan) [~ o = b ZC<A>+5%; (S0 o ) (S0 )
g

— Ya(-A) _Za(A)
N(Xo(A)Ya(A)—Z2(A)) [~ Za(A) Xa(A) |
In particular, the mean-square error of the location eggri Furthermore, since;, — a7, +y,, asN — oo (cf. (6)), it

122, (A)] + @D 7, (4.

(X () £ Yo(A)) follows that
o a + a
T(Qrs) = QutQxn= — .
2 N(ﬁa(A)Ya(A) ZiA) (14 z/anngn 00 —82:5 =8X,(A),
N Xo(A)Ya(A) = Z2(A) 0% f
U= lim —=-5(0,0) 782 Y =8%(A), (A7)
2f M
P12=1ho1 = hm . 920y (0 ,O)ZSmeym:E%Zb(A).
IV. ASYMPTOTICACCURACY OFSR-LS m=1

The asymptotic (larg&/) error covariance matrig is given
by (18), where we have used the facts thhat = ¢;2 and
The SR-LS method estimates the position by minimizing21 = ¢12. For smallo?/N (i.e. large N), we can neglect
(3). Here the terms which ar®(o*/N?). The asymptotic mean-square
error of the location estimate is given by (19).

8f c /2 2 2
as "0 = n;xm <2€m m em) 7 V. COMPARISONS ANDDISCUSSION
9 M In this section we will discuss the relation between the
6—5(070):42%1 <2€mv 5E72n+y72n+€72n)a asymptotic accuracy of LS (Eq. (14)) and that of SR-
m=1 LS (Eq. (19)). First note that the error covariance of SR-
0% f M 5 LS is always at least as large as that of LS. More pre-
5,2 0,0) =4 >R, = (= ah — v, (15 cisely, Qsr_1s > Q.5 (where the inequalityA > B
m];l means thatA — B is positive semidefinite), and especially,
O*f (0,0) =8 Z Tr(Qsr_1g) > Tr(Q1s). This follows sinceQ; ¢ coincides
oxoy Fmbfm with the CRB on the achievable accuracy in Gaussian noise;

) hence no other estimator can have a smaller error covariance
‘9 0 0)=4 Z 22 — —2). matrix so we must hav®g,_; s > Q5. In addition, for LS,
adding an extra anchor to a given geometry always improves

Eu



Qsp_rs = (F)'E[f' fT)(F")
1/}22 1/)12:| |:¢11 ¢12:| % |:1/}22 1/)12:|

= — 1 - - x
(Y1122 —v%,)2 _w21 1/111
1

P21 P22 —21 Y11 (18)
= (Y11922—92,)2 x
11135+ P22y — 20120121022 P12(V35+11922) — V12(P1122 + P2Pr1)
P12(Vir +h11922) —h12(P11022+ Po2t11) P11079+ P20ty — 20109129011
Tr(Qgsp-rs) = Qi1+ Q= (@11 + da)ts 2&?&52(%;}2;/}2212));_ Gty + émviy
0?2 ZRAA(KeA) + YelA) — 22 A Zy(A) (X (A) + Yi(A) + Xe(AYVA(A) + Yo(A) X2 19
N (X (A)Y5(A) — Z5(A))?

accuracy, because new information is added and the CBBppose the anchors which are far fréin0) (have largei,,)
therefore decreases. For SR-LS, this is not necessariyps®. lie nearly on a straight line through the origin. Themill be
cial case 4 below exemplifies this point. There(@tr_;s) small, relative to its value for other anchor constellasiovith
is finite if only the first two anchors are used. However, whethe samed,,,. Hence, one (but probably not the only) case
using all three anchors, we have thatl@rr_;5) — oo as when we may expect poor accuracy for SR-LS is geometries
the third anchor moves away from the sourpe— co). whered,,, are very different angs,,, are unluckily chosen.
Accurate localization is more difficult for some geometries To get some insight, we next study a few specially con-
than for others. The “difficulty” of a specific geometry can bstructed geometries (see Figure 1 and Table I) and some
quantified in terms of its geometric dilution of precisio-d random geometries. Before we proceed we note that we can
fined as GDOP®: N/o2-Tr(Q). The GDOP essentially relatesrotate the anchor coordinates by an arbitrary angle, withou
position accuracy to the measurement accuracy. We have ttlanging the mean-square errors. This is so because rotat-
Xao(A)Ya(A) > Z2(A) ande(A)Yb(A) > Z2(A) unlessA ing the coordinate system amounts to multiplying the error
lie on a straight line througk, 0).2 Hence, excluding such covariance matrix by an orthonormal matrix, and this does
degenerate geometnes the denominators of (14) and (&9) B®t change its trace. The same invariance holds if all anchor
nonzero (an(F is nonsingular), and) is finite for both LS coordinates are scaled by a constant; the error variancamem
and SR-LS. unchanged then too. This is immediate from (14) and (19).
What geometries have a large GDOP? For LS, it is cledhus, when studying interesting special geometries, we can
that the GDOP is large if{,(A)Y,(A) ~ Z2(A) so that the assume without loss of generality thdi = (1,0).
denominator of (14) is small. That happenglihearly lie on a

straight line througl0, 0). For SR-LS, matters are much more Case Xa(A) Xy (A) XC(A)
involved and there appears to be no simple, universal answerl | - n]\f 1 T S a2 | RRYN a2
CH(;)(\)/\:S?/ne;[ev;(edca%g|;/?(;[h<:hfollloww;g arguaent. Ir:rt]rotduce pola 2 24 P + 24 p? 2 1 p2(p® + ¢%)
m, Bm) for the locations ofA, so thatz,, = e
T 3 1+ F 1+p2 1+p2(p2 +q2)

dpm, cos(By) andy,, = d,, sin(8y,) form =1,..., M. Denote 5
the numerator and denominator of (19) wifhand¢, so that 4 1 + 1+p 3 3+2p
Tr(Qsp_rg) = 02/N -n/¢. We have Case Yajgfl) lI’bz}(A) YC(A)
1| gt | Somvm | B Xivim

<<Zd2 cos @n)(ZdQ sin 5m> 2 # ¢ *(p* + %)

3 14 e 1+¢° L+ ¢*(p° +¢%)
2 2
M 2 4 2= 2p? 2p°(1 4 p)
2 : P
> 7, cos(Br) sin(Bn) : Case|  Z.(A) Zo(A) Z.(A)
m=t 1| & wnym | SN tmym | BTN 1@
Both 7 and¢ areO(d8,). One situation where we can expect 2 # pq pa(p* +4°)
accuracy to be poor is whenis small relative ta). Generally, 3 P Pq pa(p* + ¢°)
the behavior of¢ is dominated by the terms in it for which| 4 0 0 0
dm, is large. Larged,, correspond to anchors far fro0,0). TABLE |

3 . THE QUANTITIES IN (8) THAT ARE NEEDED TO EVALUATE (14) AND (19),
To see this, note that by the Cauchy-Schwartz inequality, FOR THE FOUR SPECIAL CASES OEIGURE 1

M mtm ) 2 M 2 M v2,
(S )" < (Soimr it ) (S s ) win
equality preciselzy whenA lie on a line through (0,0). Likewise,
(anf:l mmym) < (Zﬁf:l x$n> (ZM lym> with equality under the _SpeCial case 1 (Figure 1(a){An.| = R for a”_ m. In
same condition. this example all anchors are located on a circle, with radius




TT(QLS) = TT(QSRfLS) = N ’ Xa(.A)Ya(.A) _ ZQ(.A).

The variance is finite unless all anchors lie on a straighe ligeometry setup explained above. Figure 4 show9%% and

<

As

S |

(a) Special case 1: All anchors on a circle
centered atS.

(b) Special case 2: Two anchors in “antipo-
dal configuration”, and a third anchor at an
arbitrary position.

As

As

(c) Special case 3: Example of a geometry
where LS and SR-LS perform differently.

o o

As As

(d) Special case 4: Example of a geometry
with unbounded performance difference.

Four special geometries of interest.

o? M

through the origin.
Special case 2 (Figure 1(b))M = 3 and A; = —As.
In this special case we have two anchors in an “antipodal”
configuration, and a third anchor at an arbitrary positiooré
precisely,A; = (1,0), A2 = (—1,0) and A3 = (p,q). The
performances are equal here too:
o 3(°+¢%)

T(Qrs) =T (Qsp_rs) = N T

This variance is finite unlesg — 0, that is, the third anchor
must not lie on the horizontal axis.

Special case 3 (Figure 1(c))M = 3, A, 1L A and
ALl = ||Az]|. In this example,4; = (1,0), 4 = (0,1)
andAs = (p, q). In this case the performances of LS and SR-
LS differ. The relation between the asymptotic mean-square
errors is:

aeM@snors) 4 (1 - (—T )2) . (20)
Tr(Qrs) 3 1412

wherer = /p? + ¢2. Figure 2 shows the standard deviation
ratio v/A as a function of the distancg/p? + ¢2 from A3 to
S. Clearly, the difference is bounded but it can be substantia
(up to 15% in error standard deviation). The difference van-
ishes precisely if- = 1; then we have special case 2 above.

Special case 4 (Figure 1(d))M = 3. In this example we
provide an anchor constellation for which the differencéhie
performance of the SR-LS and LS algorithmsuisbounded
This constellation consists of the anchors at locatigis=
(1,0), A2 = (1,p) and A5 = (—1,p). Here

A T(Qsr_1s) _ (p* +3)*(4p® +3)

Tr(Qrs) 27(p* + 1)
For example, fop = 10, which hardly represents an extreme
measurement geometry, LS is four times more accurate than
SR-LS: VA ~ 4. More importantly, if we letp — oo,
then A — oo. This shows that we cannot upper bound the
difference in performance of the two algorithms. Note that

o2 3(p*+1)?2 3 o2
Tr(QLS)_N'WSQ'N'
for p > 1. Therefore, this geometry is not “bad” for LS, not
even ifp is very large.

Note that the somewhat similar geometty = (1,0), Az =
(1,p) and A3 = (—1,—p) is not a bad geometry for SR-LS
even agp — oo. Indeed, this geometry is special case 2.

Random geometries: To get a feeling for theaverage
asymptotic performance difference between LS and SR-LS,
we evaluatedA numerically for a large number of random
geometries. Specifically, we placéd anchors uniformly at
random inside a disc of unit radius centeredSafThe choice
of the disc radius is unimportant since the performances of
both LS and SR-LS are invariant to a scaling of the geometry.

say, centered a§. Here the performances of LS and SR-L$igure 3 shows empirical probability density functions {6A

for different numbers of anchors/. From Figure 3, we see
that for a large number of anchors, the performance loss of
SR-LS relative to LS tends to concentrate aroufith.

We next study the percentiles of A for the random
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Fig. 3. Empirical probability density functions of the agytotic performance ratia/A, for different numbers of anchors/.

50% percentiles ofy/A for three different situations: To summarize, the performances of LS and SR-LS differ
() Random geometrdere the anchors are placed uniformlyn general. The simulations and discussion here suggest tha
at random within the unit disc. the worst-case performance ratigA can be larger if the

(i) 90% best geometriesiere we consider only th@0% of rangesd,...dy span a large range. While we believe that
the geometries for which @, <) is lowest. That is, we the examples and discussion here give substantial insight,
exclude the 10% most difficult geometries for LS. must state the complete characterization of bad geométries

(iii) 90% closest anchor farthest awalere we consider the SR-LS as an open problem.

90% of the geometries with the largest

d. 2 min d,. VI. CONCLUSIONS
meL.M] Compared to classical LS, SR-LS [1] is a computationally

That is, we exclude the 10% of the geometries where ogery attractive approach to the source localization proble

or more anchors are very close 0 since it can find the global minimum of the cost function
For the 50% percentiles (median) the graphs are nearly theithout resorting to heuristic divide-and-conquer method
same so the median af A is not significantly affected by or heuristic techniques for solving nonconvex optimizatio
the potentially difficult geometries that we exclude in éi)d problems. We have computed and compared the asymptotic
(iii). The 99% percentile is nearly the same for cases (i) amtcuracies of LS and SR-LS. Our main observations are: (i)

(i), but much lower for case (iii). there exist geometries, where LS and SR-LS have identical
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Fig. 4.

performances; and (ii) there are geometries, for which the d [9]
ference in performance between LS and SR-LS is unbounded.
We also exemplified the asymptotic performance differengg
numerically for random geometries. Taken together, SR-LH]
performs well relative to LS for most geometries, but not for
all. If SR-LS is used in practice, then care should be taken to
avoid the geometries that the method has difficulties with. |
the position ofS is approximately known a priori, then the
achievable accuracy can be estimated by using (14) and (19),
before choosing what localization algorithm to use.

The numerical results presented in this paper are repro-
ducible. To obtain the relevant MATLAB programs go to
www. conmrsys. i sy. liu.se/ “egl/rr.Included therein
is also Monte-Carlo simulation code for numerically veirity
the validity of the asymptotic accuracy formulas that we
derived.
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