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Accuracy Comparison of LS and Squared-Range LS
for Source Localization

Erik G. Larsson and Danyo Danev

Abstract— In this correspondence we compute a closed-form
expression for the asymptotic (large-sample) accuracy of the
recently proposed squared-range least-squares (SR-LS) method
for source localization [1]. We compare its accuracy to thatof the
classical least-squares (LS) method and show that LS and SR-LS
perform differently in general. We identify geometries where the
performances of the methods are identical but also geometries
when the difference in performance is unbounded.

I. I NTRODUCTION, MODEL AND PROBLEM FORMULATION

Source localization is important in many applications, for
example, GPS [2], positioning of mobile phones [3], [4] and
localization of nodes in a sensor network [5]. We consider the
problem of source-localization in two dimensions, using abso-
lute range measurements. Specifically, the task is to determine
the position of a source nodeS located at the coordinates
(x0, y0) ∈ R

2, from a set of noisy distance measurements to
M anchorsA1, ...,AM . AnchorAm is located at(xm, ym) ∈
R

2, m = 1, ...,M . For future use, let us call the set of anchors
A , {A1, ...,AM}. The true distance betweenS andAm is

dm ,
√

(x0 − xm)2 + (y0 − ym)2.

We assume thatN independent measurementsrm,n of each
distancedm are available

rm,n = dm + em,n =
√

(x0 − xm)2 + (y0 − ym)2 + em,n,

n = 1, ..., N , whereem,n are measurement errors.
We are interested in the asymptotic (largeN ) behavior of

two specific source localization methods, namely the classical
least-squares (LS) [6], [7] and the more recently proposed
squared-range least-squares (SR-LS) method [1]. LS is well
known and estimates the position by a straightforward least-
squares fit:

(x̂LS , ŷLS)=argmin
x,y

N
∑

n=1

M
∑

m=1

(

rm,n−
√

(x−xm)2+(y−ym)2
)2

.

It is not hard to show that finding the point(x̂LS , ŷLS) is
equivalent to minimizing

fLS(x, y) ,

M
∑

m=1

(

rm −
√

(x− xm)2 + (y − ym)2
)2

(1)

Copyright (c) 2008 IEEE. Personal use of this material is permitted.
However, permission to use this material for any other purposes must be
obtained from the IEEE by sending a request to pubs-permissions@ieee.org.
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with respect tox andy, where we have defined the averaged
measurements

rm ,
1

N

N
∑

n=1

rm,n =
√

(x0 − xm)2 + (y0 − ym)2 + em. (2)

In (2), em , 1
N

∑N
n=1 em,n is averaged noise. LS is equivalent

to maximum-likelihood (ML) ifem,n are independent identi-
cally distributed (i.i.d.) zero-mean Gaussian. This implies that
LS achieves the Cramér-Rao bound (CRB) on the achievable
accuracy, whenN is large [6]. LS comes with an important
drawback, however. The functionfLS(x, y) is nonconvex, and
it is therefore difficult to minimize.

Recently, Beck et al. [1] proposed an alternative localization
method, SR-LS, that is based on squaring all measurements
before the least-squares fit takes place. More precisely, the
SR-LS method forms a position estimate(x̂SR−LS , ŷSR−LS)
by minimizing the following function with respect tox andy:

fSR−LS(x, y),

M
∑

m=1

(

r2m−
(

(x−xm)2 + (y−ym)2
))2
. (3)

For M = 2, LS and SR-LS are equivalent in all cases of
practical interest because then, an(x, y) can be found for
which fLS(x, y) = fSR−LS(x, y) = 0. This corresponds to
finding the intersection point(s) between two circles, provided
that the circles do intersect.1 For M > 2, LS and SR-
LS are not equivalent. In particular, SR-LS is suboptimal
in the ML sense ifem,n are Gaussian. SR-LS however, has
another exceptionally attractive advantage over LS: the global
minimum of fSR−LS(·) can be found exactly, using standard
(yet sophisticated) optimization tools [1]. The question that
remains, however, is how much accuracy is lost when using
SR-LS instead of LS. To some extent this question was ad-
dressed in [1]. However, the performance investigations therein
were limited to simulations of specific scenarios from which
it is hard to draw general conclusions. In this correspondence,
we compute the asymptotic (largeN ) accuracies of LS and
SR-LS in closed form and compare them.

To facilitate the analysis, we will assume that the errorsem,n
are independent with zero mean, variancesE[e2m,n] = σ2,
zero third-order moment, and bounded fourth-order moment
E[e4m,n] = ασ4, for some constantα.2 This is satisfied
for most symmetric distributions of interest, those from the
exponential family in particular. For example, for Gaussian

1Throughout the paper, we shall assume than any ambiguities (non-unique
global minimum off(x, y)) can be resolved.

2At some expense in notation, the accuracy analysis presented in what
follows can be extended to the case whenem,n have different variances. In
this case, weigths need to be introduced into the cost functions (1) and (3).
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measurements errors we haveα = 3. We do not make any
further assumptions onem,n. Under these assumptions we
have forem in (2):

E[em] = 0, E[e2m] = σ2/N,E[e4m] = σ4(3+(α−3)/N)/N2.

Finally, for notational convenience, but without loss of gener-
ality, from now on we will assume that the true location ofS
is (x0, y0) = (0, 0).

II. PRELIMINARIES: ASYMPTOTIC ANALYSIS TOOLS

We briefly recapture some basic facts about large-sample
analysis in nonlinear estimation. See, e.g., [8]–[10] for a
detailed treatment. The task at hand is to determine the
asymptotic (largeN , fixed σ2, and fixedM ) statistics of
the location estimates(x̂, ŷ) obtained by minimizing (1) and
(3), respectively. The standard way to carry out this type of
analysis is to compute the curvature of the cost function locally
around its minimum, typically by approximating it with a
quadratic function. More precisely, let

f ′
,

[

∂f
∂x (0, 0)
∂f
∂y (0, 0)

]

, F ′′
,

[

∂2f
∂x2 (0, 0) ∂2f

∂x∂y (0, 0)
∂2f
∂x∂y (0, 0) ∂2f

∂y2 (0, 0)

]

be the gradient and the Hessian off(·) evaluated at the true
location (x, y) = (0, 0) and define

F̄
′′

= lim
N→∞

F ′′.

Then, provided thatF ′′ is continuous and that the estimate
(x̂, ŷ) is consistent, i.e.(x̂, ŷ) → (0, 0) asN → ∞, we have
that forN large,(x̂, ŷ) ∼ N(0,Q), where

Q , (F̄
′′

)−1E[f ′f ′T ](F̄
′′

)−1. (4)
Both LS and SR-LS are consistent, because when

N → ∞, both fLS(x, y) and fSR−LS(x, y) converge
uniformly to functions that have a unique global mini-
mum at (0, 0). (Recall footnote 1 about ambiguities.) More
precisely, sup(x,y)∈Ω |fLS(x, y) − f∞

LS(x, y)| → 0 and
sup(x,y)∈Ω |fSR−LS(x, y) − f∞

SR−LS(x, y)| → 0 whenN →
∞ for any compact setΩ, where

f∞

LS(x, y),
M
∑

m=1

(

√

x2
m + y2

m−
√

(x− xm)2 + (y − ym)2
)2

,

f∞

SR−LS(x, y),
M
∑

m=1

(

(x2
m+y2

m)−((x−xm)2+(y−ym)2)
)2
.

(5)

To show this convergence, we use the fact thatem,n are i.i.d.
with finite variances, and the law of large numbers [11, p.213]
to establish that

lim
N→∞

rm =
√

x2
m + y2

m. (6)

Since the convergence is uniform andf∞

LS(x, y) and
f∞

SR−LS(x, y) have unique minima at(0, 0), it follows that
(x̂LS , ŷLS) → (0, 0) and (x̂SR−LS , ŷSR−LS) → (0, 0) as
N → ∞ (see, e.g., [10, Exercise 7.15]). Furthermore, both
fLS(x, y) and fSR−LS(x, y) are continuously differentiable
an arbitrary number of times. In particular,F ′′ is continuous.

Hence, to carry out the analysis, we need to determine
the 2 × 2 matricesE[f ′f ′T ] and F̄

′′

. Let us introduce the
following notation for their elements:

E[f ′f ′T ] ,

[

φ11 φ12

φ21 φ22

]

and F̄
′′

,

[

ψ11 ψ12

ψ21 ψ22

]

. (7)

For future use, we also define the following quantities, which
depend only on the anchor coordinates:

Xa(A) ,

M
∑

m=1

x2
m

x2
m + y2

m

, Xb(A) ,
∑M

m=1 x
2
m,

Ya(A) ,

M
∑

m=1

y2
m

x2
m + y2

m

, Yb(A) ,
∑M

m=1 y
2
m,

Za(A) ,

M
∑

m=1

xmym
x2
m + y2

m

, Zb(A) ,
∑M

m=1 xmym,

Xc(A) ,
∑M
m=1 x

2
m(x2

m + y2
m),

Yc(A) ,
∑M
m=1 y

2
m(x2

m + y2
m),

Zc(A) ,
∑M
m=1 xmym(x2

m + y2
m).

(8)

III. A SYMPTOTIC ACCURACY OFLS

LS works by minimizing (1) with respect to (x, y). With
zero-mean white Gaussian noise, the performance of LS
coincides with the CRB. See, e.g., [7, App. A] for the case
of N = 1. Hence, in principle, we could use well known
formulas for its accuracy. However, a direct calculation from
first principles is short, so we include it for completeness,
and as a preparation for the analysis of SR-LS. Note that this
calculation does not assume Gaussianity of the measurement
noise.

We calculate the first partial derivatives as

∂f

∂x
(0, 0)=2

M
∑

m=1

emxm
√

x2
m+y2

m

and
∂f

∂y
(0, 0)=2

M
∑

m=1

emym
√

x2
m+y2

m

.

(9)
Equations (7) and (9) and the independence ofem anden for
m 6= n give us the entries ofE[f ′

f
′T ]:

φ11 = E

[

(

∂f
∂x (0, 0)

)2
]

=
4σ2

N

M
∑

m=1

x2
m

x2
m + y2

m

=
4σ2Xa(A)

N
,

φ22 = E

[

(

∂f
∂y (0, 0)

)2
]

=
4σ2

N

M
∑

m=1

y2
m

x2
m + y2

m

=
4σ2Ya(A)

N
,

φ12=φ21 = E
[

∂f
∂x (0, 0)∂f∂y (0, 0)

]

=
4σ2

N

M
∑

m=1

xmym
x2
m + y2

m

=
4σ2Za(A)

N
.

(10)
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The second partial derivatives are calculated as

∂2f

∂x2
(0, 0) = 2

M
∑

m=1

(

1 − rmy
2
m

(x2
m + y2

m)3/2

)

,

∂2f

∂x∂y
(0, 0) = 2

M
∑

m=1

rmxmym
(x2
m + y2

m)3/2
,

∂2f

∂y2
(0, 0) = 2

M
∑

m=1

(

1 − rmx
2
m

(x2
m + y2

m)3/2

)

.

(11)

Using (6), the entries of̄F
′′

follow as

ψ11 = lim
N→∞

∂2f

∂x2
(0, 0) =2

M
∑

m=1

x2
m

x2
m+y2

m

= 2Xa(A),

ψ22 = lim
N→∞

∂2f

∂y2
(0, 0) =2

M
∑

m=1

y2
m

x2
m+y2

m

= 2Ya(A),

ψ12 = ψ21 = lim
N→∞

∂2f

∂x∂y
(0, 0)=2

M
∑

m=1

xmym
x2
m+y2

m

= 2Za(A).

(12)
From (10) and (12) we observe thatE[f ′f ′T ] = 2σ2

N F̄
′′

.
Using (4), this gives the asymptotic (largeN ) error covariance
matrix

QLS =(F̄
′′

)−1E[f ′f ′T ](F̄
′′

)−1 =
2σ2

N
(F̄

′′

)−1

=
2σ2

N(ψ11ψ22 − ψ12ψ21)

[

ψ22 −ψ12

−ψ21 ψ11

]

=
σ2

N(Xa(A)Ya(A)−Z2
a(A))

[

Ya(A) −Za(A)
−Za(A) Xa(A)

]

.

(13)

In particular, the mean-square error of the location estimate is

Tr(QLS) = Q11+Q22 =
σ2(Xa(A) + Ya(A))

N(Xa(A)Ya(A)−Z2
a(A))

=
σ2

N
· M

Xa(A)Ya(A) − Z2
a(A)

.
(14)

IV. A SYMPTOTIC ACCURACY OFSR-LS

The SR-LS method estimates the position by minimizing
(3). Here

∂f

∂x
(0, 0) = 4

M
∑

m=1

xm

(

2em
√

x2
m + y2

m + e2m

)

,

∂f

∂y
(0, 0) = 4

M
∑

m=1

ym

(

2em
√

x2
m + y2

m + e2m

)

,

∂2f

∂x2
(0, 0) = 4

M
∑

m=1

[2x2
m − (r2m − x2

m − y2
m)],

∂2f

∂x∂y
(0, 0) = 8

M
∑

m=1

xmym,

∂2f

∂y2
(0, 0) = 4

M
∑

m=1

[2y2
m − (r2m − x2

m − y2
m)].

(15)

With φij andψij defined in (7), straightforward but tedious
algebra gives

φ11 = E

[

(

∂f
∂x (0, 0)

)2
]

= 16σ2

N

(

4
∑M
m=1 x

2
m(x2

m+y2
m)+σ2

N

(

∑M
m=1 xm

)2

+σ2

N

(

2 + α−3
N

)
∑M
m=1 x

2
m

)

= 64σ2

N Xc(A) + 16σ4

N2

[

(

∑M
m=1 xm

)2

+2Xb(A)

]

+ 16(α−3)σ4

N3 Xb(A),

φ22 = E

[

(

∂f
∂y (0, 0)

)2
]

= 16σ2

N

(

4
∑M
m=1 y

2
m(x2

m+y2
m)+σ2

N

(

∑M
m=1 ym

)2

+σ2

N

(

2 + α−3
N

)
∑M
m=1 y

2
m

)

= 64σ2

N Yc(A) + 16σ4

N2

[

(

∑M
m=1 ym

)2

+ 2Yb(A)

]

+ 16(α−3)σ4

N3 Yb(A),

φ12 = φ21 = E
[

∂f
∂x (0, 0)∂f∂y (0, 0)

]

= 16σ2

N

(

4
∑M
m=1 xmym(x2

m + y2
m)

+σ2

N

(

∑M
m=1 xm

)(

∑M
m=1 ym

)

+
(

2 + α−3
N

)
∑M

m=1 xmym

)

= 64σ2

N Zc(A) + 16σ4

N2

[(

∑M
m=1 xm

)(

∑M
m=1 ym

)

+2Zb(A)] + 16(α−3)σ4

N3 Zb(A).

(16)

Furthermore, sincer2m → x2
m + y2

m asN → ∞ (cf. (6)), it
follows that

ψ11 = lim
N→∞

∂2f

∂x2
(0, 0) =8

M
∑

m=1

x2
m =8Xb(A),

ψ22 = lim
N→∞

∂2f

∂y2
(0, 0) =8

M
∑

m=1

y2
m =8Yb(A),

ψ12=ψ21 = lim
N→∞

∂2f

∂x∂y
(0, 0)=8

M
∑

m=1

xmym =8Zb(A).

(17)

The asymptotic (largeN ) error covariance matrixQ is given
by (18), where we have used the facts thatφ21 = φ12 and
ψ21 = ψ12. For smallσ2/N (i.e. largeN ), we can neglect
the terms which areO(σ4/N2). The asymptotic mean-square
error of the location estimate is given by (19).

V. COMPARISONS ANDDISCUSSION

In this section we will discuss the relation between the
asymptotic accuracy of LS (Eq. (14)) and that of SR-
LS (Eq. (19)). First note that the error covariance of SR-
LS is always at least as large as that of LS. More pre-
cisely, QSR−LS ≥ QLS (where the inequalityA ≥ B

means thatA − B is positive semidefinite), and especially,
Tr(QSR−LS) ≥ Tr(QLS). This follows sinceQLS coincides
with the CRB on the achievable accuracy in Gaussian noise;
hence no other estimator can have a smaller error covariance
matrix so we must haveQSR−LS ≥ QLS . In addition, for LS,
adding an extra anchor to a given geometry always improves
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QSR−LS = (F̄
′′

)−1E[f ′f ′T ](F̄
′′

)−1

= 1
(ψ11ψ22−ψ2

12
)2

×
[

ψ22 −ψ12

−ψ21 ψ11

]

×
[

φ11 φ12

φ21 φ22

]

×
[

ψ22 −ψ12

−ψ21 ψ11

]

= 1
(ψ11ψ22−ψ2

12
)2
×

[

φ11ψ
2
22+φ22ψ

2
12−2φ12ψ12ψ22 φ12(ψ

2
12+ψ11ψ22)−ψ12(φ11ψ22+φ22ψ11)

φ12(ψ
2
12+ψ11ψ22)−ψ12(φ11ψ22+φ22ψ11) φ11ψ

2
12+φ22ψ

2
11−2φ12ψ12ψ11

]

(18)

Tr(QSR−LS) = Q11 +Q22 =
(φ11 + φ22)ψ

2
12 − 2φ12ψ12(ψ11 + ψ22) + φ11ψ

2
22 + φ22ψ

2
11

(ψ11ψ22 − ψ12ψ21)2

=
σ2

N
· Z

2
b (A)(Xc(A) + Yc(A)) − 2Zc(A)Zb(A)(Xb(A) + Yb(A)) +Xc(A)Y 2

b (A) + Yc(A)X2
b (A)

(Xb(A)Yb(A) − Z2
b (A))2

(19)

accuracy, because new information is added and the CRB
therefore decreases. For SR-LS, this is not necessarily so.Spe-
cial case 4 below exemplifies this point. There, Tr(QSR−LS)
is finite if only the first two anchors are used. However, when
using all three anchors, we have that Tr(QSR−LS) → ∞ as
the third anchor moves away from the source (p→ ∞).

Accurate localization is more difficult for some geometries
than for others. The “difficulty” of a specific geometry can be
quantified in terms of its geometric dilution of precision, de-
fined as GDOP, N/σ2 ·Tr(Q). The GDOP essentially relates
position accuracy to the measurement accuracy. We have that
Xa(A)Ya(A) > Z2

a(A) andXb(A)Yb(A) > Z2
b (A) unlessA

lie on a straight line through(0, 0).3 Hence, excluding such
degenerate geometries, the denominators of (14) and (19) are
nonzero (and̄F

′′

is nonsingular), andQ is finite for both LS
and SR-LS.

What geometries have a large GDOP? For LS, it is clear
that the GDOP is large ifXa(A)Ya(A) ≈ Z2

a(A) so that the
denominator of (14) is small. That happens ifA nearly lie on a
straight line through(0, 0). For SR-LS, matters are much more
involved and there appears to be no simple, universal answer.
However, we can give the following argument. Introduce polar
coordinates(dm, βm) for the locations ofA, so thatxm =
dm cos(βm) andym = dm sin(βm) for m = 1, ...,M . Denote
the numerator and denominator of (19) withη andξ, so that
Tr(QSR−LS) = σ2/N · η/ξ. We have

ξ ,

((

M
∑

m=1

d2
m cos2(βm)

)(

M
∑

m=1

d2
m sin2(βm)

)

−

(

M
∑

m=1

d2
m cos(βm) sin(βm)

)2




2

.

Both η andξ areO(d8
m). One situation where we can expect

accuracy to be poor is whenξ is small relative toη. Generally,
the behavior ofξ is dominated by the terms in it for which
dm is large. Largedm correspond to anchors far from(0, 0).

3To see this, note that by the Cauchy-Schwartz inequality,
“

PM
m=1

xmym

x2
m

+y2
m

”2

≤
„

PM
m=1

x2

m

x2
m

+y2
m

«„

PM
m=1

y2

m

x2
m

+y2
m

«

with

equality precisely whenA lie on a line through (0, 0). Likewise,
“

PM
m=1 xmym

”2

≤
“

PM
m=1 x2

m

”“

PM
m=1 y2

m

”

with equality under the
same condition.

Suppose the anchors which are far from(0, 0) (have largedm)
lie nearly on a straight line through the origin. Thenξ will be
small, relative to its value for other anchor constellations with
the samedm. Hence, one (but probably not the only) case
when we may expect poor accuracy for SR-LS is geometries
wheredm are very different andβm are unluckily chosen.

To get some insight, we next study a few specially con-
structed geometries (see Figure 1 and Table I) and some
random geometries. Before we proceed we note that we can
rotate the anchor coordinates by an arbitrary angle, without
changing the mean-square errors. This is so because rotat-
ing the coordinate system amounts to multiplying the error
covariance matrix by an orthonormal matrix, and this does
not change its trace. The same invariance holds if all anchor
coordinates are scaled by a constant; the error variance remains
unchanged then too. This is immediate from (14) and (19).
Thus, when studying interesting special geometries, we can
assume without loss of generality thatA1 = (1, 0).

Case Xa(A) Xb(A) Xc(A)

1 1
R2

∑M
m=1 x

2
m

∑M
m=1 x

2
m R2

∑M
m=1 x

2
m

2 2 + p2

p2+q2 2 + p2 2 + p2(p2 + q2)

3 1 + p2

p2+q2 1 + p2 1 + p2(p2 + q2)

4 1 + 2
1+p2 3 3 + 2p2

Case Ya(A) Yb(A) Yc(A)

1 1
R2

∑M
m=1 y

2
m

∑M
m=1 y

2
m R2

∑M
m=1 y

2
m

2 q2

p2+q2 q2 q2(p2 + q2)

3 1 + q2

p2+q2 1 + q2 1 + q2(p2 + q2)

4 2p2

1+p2 2p2 2p2(1 + p2)

Case Za(A) Zb(A) Zc(A)

1 1
R2

∑M
m=1xmym

∑M
m=1xmym R2

∑M
m=1xmym

2 pq
p2+q2 pq pq(p2 + q2)

3 pq
p2+q2 pq pq(p2 + q2)

4 0 0 0

TABLE I

THE QUANTITIES IN (8) THAT ARE NEEDED TO EVALUATE (14) AND (19),

FOR THE FOUR SPECIAL CASES OFFIGURE 1.

Special case 1 (Figure 1(a)):‖Am‖ = R for all m. In
this example all anchors are located on a circle, with radiusR
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(a) Special case 1: All anchors on a circle
centered atS.
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x

y

A1A2
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(b) Special case 2: Two anchors in “antipo-
dal configuration”, and a third anchor at an
arbitrary position.

S

x

y

r A1

A2

A3

(c) Special case 3: Example of a geometry
where LS and SR-LS perform differently.

S

x

y

A1

A2A3

(d) Special case 4: Example of a geometry
with unbounded performance difference.

Fig. 1. Four special geometries of interest.

say, centered atS. Here the performances of LS and SR-LS
coincide:

Tr(QLS) = Tr(QSR−LS) =
σ2

N
· M

Xa(A)Ya(A) − Z2
a(A)

.

The variance is finite unless all anchors lie on a straight line

through the origin.
Special case 2 (Figure 1(b)):M = 3 and A1 = −A2.

In this special case we have two anchors in an “antipodal”
configuration, and a third anchor at an arbitrary position. More
precisely,A1 = (1, 0),A2 = (−1, 0) andA3 = (p, q). The
performances are equal here too:

Tr(QLS) = Tr(QSR−LS) =
σ2

N
· 3(p2 + q2)

2q2
.

This variance is finite unlessq → 0, that is, the third anchor
must not lie on the horizontal axis.

Special case 3 (Figure 1(c)):M = 3, A1 ⊥ A2 and
‖A1‖ = ‖A2‖. In this example,A1 = (1, 0),A2 = (0, 1)
andA3 = (p, q). In this case the performances of LS and SR-
LS differ. The relation between the asymptotic mean-square
errors is:

∆ ,
Tr(QSR−LS)

Tr(QLS)
=

4

3

(

1 −
(

r

1 + r2

)2
)

, (20)

wherer =
√

p2 + q2. Figure 2 shows the standard deviation
ratio

√
∆ as a function of the distance

√

p2 + q2 from A3 to
S. Clearly, the difference is bounded but it can be substantial
(up to 15% in error standard deviation). The difference van-
ishes precisely ifr = 1; then we have special case 2 above.

Special case 4 (Figure 1(d)):M = 3. In this example we
provide an anchor constellation for which the difference inthe
performance of the SR-LS and LS algorithms isunbounded.
This constellation consists of the anchors at locationsA1 =
(1, 0),A2 = (1, p) andA3 = (−1, p). Here

∆ =
Tr(QSR−LS)

Tr(QLS)
=

(p2 + 3)2(4p2 + 3)

27(p2 + 1)2
.

For example, forp = 10, which hardly represents an extreme
measurement geometry, LS is four times more accurate than
SR-LS:

√
∆ ≈ 4. More importantly, if we letp → ∞,

then ∆ → ∞. This shows that we cannot upper bound the
difference in performance of the two algorithms. Note that

Tr(QLS) =
σ2

N
· 3(p2 + 1)2

2p2(p2 + 3)
≤ 3

2
· σ

2

N
.

for p ≥ 1. Therefore, this geometry is not “bad” for LS, not
even if p is very large.

Note that the somewhat similar geometryA1 = (1, 0),A2 =
(1, p) andA3 = (−1,−p) is not a bad geometry for SR-LS
even asp→ ∞. Indeed, this geometry is special case 2.

Random geometries: To get a feeling for theaverage
asymptotic performance difference between LS and SR-LS,
we evaluated∆ numerically for a large number of random
geometries. Specifically, we placedM anchors uniformly at
random inside a disc of unit radius centered atS. The choice
of the disc radius is unimportant since the performances of
both LS and SR-LS are invariant to a scaling of the geometry.
Figure 3 shows empirical probability density functions for

√
∆

for different numbers of anchorsM . From Figure 3, we see
that for a large number of anchors, the performance loss of
SR-LS relative to LS tends to concentrate around15%.

We next study the percentiles of
√

∆ for the random
geometry setup explained above. Figure 4 shows the99% and
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Fig. 2. The ratio of the standard error deviations for special case 3.

(
√
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Fig. 3. Empirical probability density functions of the asymptotic performance ratio
√

∆, for different numbers of anchorsM .

50% percentiles of
√

∆ for three different situations:
(i) Random geometry.Here the anchors are placed uniformly

at random within the unit disc.
(ii) 90% best geometries.Here we consider only the90% of

the geometries for which Tr(QLS) is lowest. That is, we
exclude the 10% most difficult geometries for LS.

(iii) 90% closest anchor farthest away. Here we consider the
90% of the geometries with the largest

dmin , min
m∈[1,...,M ]

dm.

That is, we exclude the 10% of the geometries where one
or more anchors are very close toS.

For the 50% percentiles (median) the graphs are nearly the
same so the median of

√
∆ is not significantly affected by

the potentially difficult geometries that we exclude in (ii)and
(iii). The 99% percentile is nearly the same for cases (i) and
(ii), but much lower for case (iii).

To summarize, the performances of LS and SR-LS differ
in general. The simulations and discussion here suggest that
the worst-case performance ratio

√
∆ can be larger if the

rangesd1,...,dM span a large range. While we believe that
the examples and discussion here give substantial insight,we
must state the complete characterization of bad geometriesfor
SR-LS as an open problem.

VI. CONCLUSIONS

Compared to classical LS, SR-LS [1] is a computationally
very attractive approach to the source localization problem,
since it can find the global minimum of the cost function
without resorting to heuristic divide-and-conquer methods
or heuristic techniques for solving nonconvex optimization
problems. We have computed and compared the asymptotic
accuracies of LS and SR-LS. Our main observations are: (i)
there exist geometries, where LS and SR-LS have identical



7

number of anchors

√ ∆

99% of all geometries (i)

99% of 90% of best geometries (ii)

99% of 90% closest anchor farthest away (iii)

50% of all geometries (i)

50% of 90% best geometries (ii)

50% of 90% closest anchor farthest away (iii)

3 4 6 8 10 12 14 16 18 20
1

1.2

1.4

1.6

1.8

2

Fig. 4. Percentile values of
√

∆ for the SR-LS and LS algorithms in different situations.

performances; and (ii) there are geometries, for which the dif-
ference in performance between LS and SR-LS is unbounded.
We also exemplified the asymptotic performance difference
numerically for random geometries. Taken together, SR-LS
performs well relative to LS for most geometries, but not for
all. If SR-LS is used in practice, then care should be taken to
avoid the geometries that the method has difficulties with. If
the position ofS is approximately known a priori, then the
achievable accuracy can be estimated by using (14) and (19),
before choosing what localization algorithm to use.

The numerical results presented in this paper are repro-
ducible. To obtain the relevant MATLAB programs go to
www.commsys.isy.liu.se/˜egl/rr. Included therein
is also Monte-Carlo simulation code for numerically verifying
the validity of the asymptotic accuracy formulas that we
derived.
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