
”This work has been submitted to the IEEE for possible publication. Copy-

right may be transferred without notice, after which this version may no

longer be accessible.”



1

Finite-SNR Analysis and Optimization of
Decode-and-Forward Relaying over Slow Fading

Channels
Majid Nasiri Khormuji and Erik G. Larsson

Abstract

We provide analytical results on the finite-SNR outage performance of packet-based decode-and-forward
relaying over a quasi-static fading channel, with different types of transmitter channel state information (CSI).
At the relay we consider repetition coding (RC) and parallelcoding (PC). At the destination we consider receivers
based on selection combining (SC), code combining (CC), andmaximum-ratio combining (MRC) (the latter only
for the case of RC at the relay). Based on available CSI, we optimize the number of channel uses consumed by
the source and by the relay for each packet. In doing so, we consider three different protocols that make use of
different combinations of long-term CSI, 1-bit CSI and complete CSI, respectively, at the source node. Several
interesting observations emerge. For example, we show thatfor high SNR, SC and CC provide the same outage
probabilities when the source has perfect CSI.

Index Terms

Cooperative communications, relay channel, decode-and-forward, block length optimization, combining tech-
niques, channel state information.

I. I NTRODUCTION

Collaboration via a relay node for realizing transmit diversity in wireless networks has been recently
proposed [1]–[14], [17]. The idea is that when the transmission of data from a source (S) to a destination
(D) encounters unfavorable channel conditions, a relay (R) may be employed to help by listening to the
transmission fromS and then forwarding it toD. D may then combine whatever was heard directly from
S and fromR. Finding the capacity of such a three-node network (consisting of S, R, andD) is still
an open problem, and therefore the “best” collaborative mode in general is unknown. One important and
relatively simple way of collaborating is decode-and-forward (DF) relaying [2]. DF works by lettingR
decode the data packet, re-encode it, and transmit it toD. In this paper we deal only with DF relaying.
The main reason for this is that DF naturally permits theS −R andR−D links to operate with different
spectral efficiencies, by choosing appropriate modulationand coding schemes. We also limit the discussion
to half-duplex relays, i.e., relays that cannot transmit and listen on the same frequency simultaneously.
Furthermore, we will deal only with quasi-static (slow fading) channels, since in this case it is possible
to gain instantaneous channel state information (CSI) atS andR by using a feedback link fromD.

The two fundamental resources when conveying data fromS to D are the number of channel uses (also
referred to as the time-bandwidth product, the dimension, or the number of degrees of freedom of the
channel) and the available transmit energy per packet. We will denote the number of available channel
uses byT and the total energy per data frame byE = PT , whereP is the transmit power. With DF, the
transmission of a packet takes place in two phases. In the first phase,S transmits its data usingTs channel
uses. During this phase, bothR andD listen to the transmitted signal. In the second phase, provided that
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University, Linköping, Sweden, E-mail: erik.larsson@isy.liu.se. This work was supported in part by the Swedish Research Council (VR),
the Swedish Foundation for Strategic Research (SSF) and VINNOVA. E.Larsson is a Royal Swedish Academy of Sciences (KVA) Research
Fellow supported by a grant from the Knut and Alice Wallenberg Foundation. Parts of this paper were presented at IEEE SPAWC 2007 [17].



2

R successfully decoded the packet,R retransmits the packet using an appropriate transmission format.
The second phase consumesTr = T − Ts channel uses. The channels used for the transmissions byS
andR are orthogonal.

We shall assume thatS andR operate under individual power constraints and that they transmit with a
fixed power. This is natural in most applications. Additionally, there is some evidence that the possibility
of trading power betweenS andR (under a joint power constraint) brings only a marginal gainwhen
the relation betweenTr andTs is optimally chosen [12], [16]. This is so at least in the bandwidth-limited
regime, i.e., in the regime of information theory where rategrows (only) logarithmically with power. In
addition, one can argue that trading power betweenS andR is unrealistic in practice since these two
nodes may have their own battery, which naturally gives an individual power constraint. Note also, that the
optimization problem does not change ifS andR have different individual power constraints: different
individual power constraints can simply be incorporated into the model by appropriately adjusting the
channel gains.

A. Contributions

This paper deals with the finite-SNR outage performance of DF-based relaying schemes. We establish
a number of outage probability results in closed form. We also examine how the number of channel uses
allotted toS andR (that is,Ts andTr, respectively) should be optimally chosen in order to minimize the
outage probability. For simplicity, we will refer to such channel use allocation as “bandwidth allocation”.

We will consider two different coding schemes at the relay:
• Repetition coding (RC): With RC,R forwards the packet using the same channel code as was used

by S. Thus the transmissions byS andR consume the same number of channel uses so we have
Ts = Tr = T

2
.1

• Parallel coding (PC): With PC,R uses a channel code different from that used byS. For the analysis
we will assume thatS andR pick two independent Gaussian codebooks at random, and thatthese
codes do not necessarily have the same rate. Hence, with PC wemay haveTs 6= Tr; say Ts = δT
and Tr = (1 − δ)T in general where0 ≤ δ ≤ 1. That is δ and 1 − δ reflect the fractions of the
time-bandwidth product used byS and byR.

For both RC and PC, we consider two receiver structures atD:
• Selection combining (SC): With SC,D considers the transmission successfuleither if it can decode

the packet fromS directly or if it can hear the transmission fromR.
• Optimum combining (OC): With OC,D optimally combines the information heard fromS and that

heard fromR. This reduces to maximum-ratio combination (MRC) when RC is used atR, but it
involves a code combining (CC) receiver when PC is used atR.

When optimizing bandwidth (for the protocols where this is possible), we consider three different protocols
that exploit different amounts of CSI atS,R andD (see Table I). One of the main contributions of the
paper is then to examine (for finite SNR) how much transmitter CSI can improve the performance of a
DF relay link, when bandwidth allocation is optimally done.

B. Relation to Previous Literature

Our work contains two novel aspects. First, we provide analytical, finite-SNR performance results
for a number of DF relaying protocols in closed form. This stands in contrast to most existing work
on performance analysis of relay links [3]–[14] which either resorts to simulations, or to asymptotic
measures such as diversity-multiplexing tradeoff. The second contribution is that we provide a framework
for resource (channel use) optimization for a variety of combinations of CSI availability (cf. Table I).
This extends previous work on resource allocation for relaychannels, which has mostly focused on power

1There exist coding schemes based on repetition coding but for whichR only repeatsa fraction of the data heard fromS. See [16] for a
detailed discussion of such a method.
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TABLE I
THE DIFFERENTCSI-AVAILABILITY SITUATIONS CONSIDERED IN THE PAPER

Case 1 Case 2 Case 3

(Sec. III) (Sec. IV) (Sec. V)

S–D none∗ one bit one bit∗

S–R long-term long-term instantaneous (perfect)

R–D long-term long-term none
∗Knowledge of more complete CSI does not change the optimal bandwidth allocation in
theses cases.

optimization for fixed bandwidth allocation [3]–[9]. In relation to existing papers that investigate channel
use (bandwidth) optimization for DF relaying over quasi-static channels [10]–[12], we note the following.
The work of [10] does not investigate the impact of feedback on the outage performance. Reference
[11] optimizes delay-limited capacity while in this paper we consider outage probability (at fixed rate).
Additionally, [10], [11] do not investigate different combining techniques at the destination. Reference
[12] only considers repetition coding at the relay. Also, the performance results presented in [10]–[12]
heavily rely on simulation. In addition to the aforementioned papers, there is a body of literature on
bandwidth-power optimization for theergodic relay channel (see for example [13], [14]), but this is a
fundamentally different problem from that considered in the current paper. In [16] we proposed a DF
scheme based on partial repetition. Therein we also performed a finite-SNR analysis of the proposed
scheme and of some reference schemes. Relative to [16], the main contributions of the current paper are
that we (i) study the effect of instantaneous channel quality feedback, and (ii) study the performance of
different combining schemes atS (more precisely, SC, OC and CC).

C. Outline and Organization of the Paper

We next provide a brief outline of the remaining part of the paper:
• Section II presents the system model in more detail.
• Section III studies the performance of DF relaying with onlylong-term CSI atS. It turns out that

in this case,S does not need to knowanythingabout the quality of theS −D link; such knowledge
does not affect performance. Hence we write “none” in the corresponding entry of Table I.

• Section IV investigates DF relaying with one-bit instantaneous CSI of theS −D links and long-term
CSI for the other links.

• Section V proceeds to consider the case whenS has perfect CSI of theS − D andS − R links.
It turns out that in this case, the same performance is achieved with one-bit CSI knowledge of the
S − D channel quality, and with full CSI knowledge of this link. (This is also reflected in Table I.)

For all schemes, we present analytical expressions for the outage performance. Section VI (see especially
Table II) summarizes and numerically compares these results. In Section VII, some numerical examples
are presented to verify the analytical results. Finally, Section VIII concludes the paper.

II. SYSTEM MODEL AND PRELIMINARIES

Figure 1 shows a schematic of the relay channel (consisting of a sourceS, a relayR and a destination
D) that we study in this paper. The transmission consists of two phases. In the first phase,S transmits
a signalx. The relayR receivesysr = hsrx + zsr andD receivesysd = hsdx + zsd. During the second
phase, the relay transmits the signalxr andD receivesyrd = hrdxr + zrd. The variableshsr, hsd, andhrd

denote the channel gains of theS–R, S–D andR–D links.
Throughout we will assume that all channelshij are Rayleigh fading, but constant during the trans-

mission of one block. That is, the fading is quasi-static. Wefurther assume that the magnitudes of the
channel gains are independent, but not necessarily identically distributed. The variableszsr, zsd, andzrd
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Fig. 1. Illustration of the three-node relay channel studied in this paper. TheS − D andR−D links are orthogonal.

denote mutually independent, zero-mean white additive Gaussian noise with unit variance per complex
dimension. We denote the received SNRs at the nodes byαsr, αrd, αsd, and their means byγsr, γrd, γsd

whereγij , E[αij], i ∈ {s, r}, j ∈ {r, d}.
We will use a simple path loss model which assumes thatγij =

PiE[|hij |2]

N0
= P

N0dα
ij

= ρ
dα

ij
whereP is

the transmit power,N0 is the noise variance,dij is the distance between nodei andj, α is the path loss
exponent, andρ , P

N0
[15].2 Throughout, we assume that allreceivingnodes have access to perfect CSI.

That is,R knowsαsr andD knowsαsd, αsr, andαrd. This is a weak assumption in slow fading.
As performance measure we will use the link outage probability, assuming capacity-achieving signaling

with a Gaussian codebook. With this measure, a link with received SNRαij and spectral efficiencyβ bits
per channel use [bpcu] is in outage when

O(αij, β) ⇐⇒ log2(1 + αij) < β.

In particular, this means that if the relay is not used (transmission over the direct link only), we are in
outage ifO(αsd, β). This occurs with probability

Pout = Pr{O(αsd, β)} = Pr
{
αsd < 2β − 1

}
=

∫ 2β−1

0

1

γsd

exp

(
− t

γsd

)
dt

=
2β − 1

γsd

+ O

(
1

ρ2

)
. (1)

whereρ = P
N0

is defined above.
While we assume Rayleigh fading throughout, most results thatwe present extend to a wide class

of other fading distributions. The important property of the fading distribution that we use is that the
distribution of the channel gain satisfies

P (|h|2 < x) = ax + O(x2), for some nonzeroa (2)

This is satisfied for Rayleigh fading in particular. Hence, then

P (signal path bad) ∼ P (|h|2 < N0) ∼ 1

N0

(which gives the classical slope-1 line when the logarithmic error probability is plotted against the SNR
in dB). With mth order diversity, we obtain the classical slope-m curve given by

P (m signal paths bad) ∼ [P (|h|2 < N0)]
m ∼

(
1

N0

)m

and again, this holds whenever (2) is satisfied.
We also stress that while the three-node relay channel considered here is a fairly simple model, it is

widely used in classical and contemporary literature, and it provides fundamental insights.

2In the case thatS andR use different transmit powers, we incorporate this difference into the corresponding channel gains.
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III. C ASE 1: DF RELAYING WITH ONLY LONG-TERM CSI AT S
The first case of interest is whenS has access tolong-termCSI, i.e., the path loss and the statistics

of the fading distribution. Under the assumptions made in Section II this is equivalent to knowing the
geometry (i.e., the distancesdij). In this case it will turn out that for high SNR, the optimal bandwidth
allocation depends on the long-term CSI for theS −R andR−D links, but it does not depend on the
CSI for theS − D link. (See Table I.)

Some of the results in this section are novel, and a few were presented in [16], [17] (the latter are
reviewed briefly for easy reference, but without derivations).

A. Repetition Coding atR and Selection Combining atD
With RC, S andR use the same code soTs = Tr = T

2
. With selection combining atD, we consider

that the link fails if theS–D link fails and theS–R–D links fails simultaneously. The corresponding
outage event is [12]

O(αsd, 2β)︸ ︷︷ ︸
,O1

⋂[
O(αsr, 2β)︸ ︷︷ ︸

,O2

⋃
O(αrd, 2β)︸ ︷︷ ︸

,O3

]
. (3)

Sinceαsd, αrd, andαsr are independent, the probability of (3) can be shown to be [17]

Pout = Pr(O1)
[
Pr(O2) + Pr(O3)− Pr(O2)Pr(O3)

]
=

(
22β − 1

)2 γrd/γsd + γsr/γsd

γsrγrd

+ O

(
1

ρ3

)
. (4)

B. Repetition Coding atR and Optimal Combining atD
With RC atR, the optimal receiver atD consists of MRC. The outage event is [16]:

O(αsd, 2β)
⋂[

O(αsr, 2β)
⋃
O(αrd + αsd, 2β)

]
. (5)

The outage event in (5) is reminiscent of that of the selective decode-and-forward (SDF) scheme presented
in [2]. However with SDF, when theS − D link is in outage,S repeats its message during the second
phase as well. Therefore, to realize SDF, one bit of CSI feedback fromR to S is required. By contrast,
throughout this section we have assumed that there is no suchinstantaneous CSI feedback available atS.
The outage probability corresponding to (5) is [16]

Pout =
(
22β − 1

)2 γrd/γsd + 0.5γsr/γsd

γsrγrd

+ O

(
1

ρ3

)
. (6)

We see from (4) and (6) that RC-based DF relaying provides a diversity order of two, both with SC
and with MRC. Comparing (4) with (6), it can be seen that ifdsr = drd = dsd then regardless of the value
of β, MRC provides a10 log10(2/1.5) = 0.62 dB gain over SC at high SNR. This is in the complete
agreement with the simulation results presented in SectionVII (see Fig. 7).

C. Parallel Coding atR and Selection Combining atD
With PC,R re-encodes the message using an independent random code which is different from the code

used atS. Suppose thatS consumesTs = δT channel uses andR consumes the rest (i.e.,Tr = (1− δ)T
channel uses). With SC atD, the outage event is

O(αsd, βs)
⋂[

O(αsr, βs)
⋃
O(αrd, βr)

]
, (7)

where
βs , β

δ
and βr , β

1− δ
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The probability of the outage event (7) can be found by directcalculation:

Pout =
2βs − 1

γsd

[
2βs − 1

γsr

+
2βr − 1

γrd

]
+ O

(
1

ρ3

)
. (8)

If S andR use equal transmit power, (8) suggests that we can optimizeδ according to

min
δ, 0<δ<1

(
2

β
δ − 1

) [(
2

β
δ − 1

)
dα

sr +
(
2

β
1−δ − 1

)
dα

rd

]
. (9)

This optimization problem is convex and can be solved efficiently. The optimumδ depends only ondsr

and drd. Fig. 2(a) shows plots of the optimalδ as a function of the spectral efficiency for differentdsr

whendrd = dsd = 1 andα = 4. As expected, whendsr = 0 (i.e., theS −R link is error free) the optimal
δ is 0.5. The optimalδ increases asdsr increases, for fixeddrd and dsd. The increase inδ helpsR to
recover the transmitted message more often and thereby it ismore useful in the collaboration. Fig. 2(b)
shows the gain obtained by optimization ofδ versus settingδ = 0.5, as a function ofdsr for different
β. It can be seen that the gain increases with increasing spectral efficiency and increasingdsr. Moreover,
the gain is negligible whendsr < 0.5. The closerR is located toS, the smaller the gain is. This is so
because for smalldsr, we haveδopt ≈ 0.5.

D. Parallel Coding atR and Optimal Combining atD
Next consider the case whenD uses the optimal receiver, consisting of code combining. The outage

event is [16]
O(αsd, β/δ)

⋂[
O(αsr, β/δ)

⋃
Õ(αsd, αrd, δ)

]
, (10)

where
Õ(αsd, αrd, δ) ⇔ {δ log2 (1 + αsd) + (1− δ) log2 (1 + αrd) < β} . (11)

and the probability of an outage is [16]

Pout =


(
2βs − 1

)2 1
γsdγsr

+
(
1− 2βr + δ

2δ−1
2βs

(
2βr

2δ−1
δ − 1

))
1

γsdγrd
+ O

(
1
ρ3

)
, if δ 6= 1

2(
22β − 1

)2 1
γsdγsr

+
(
1− 22β + 2 ln(2)β22β

)
1

γsdγrd
+ O

(
1
ρ3

)
, if δ = 1

2

(12)

Using (12), the optimalδ (0 < δ < 1) can be obtained by

min
δ, 0≤δ≤1

dα
sr

(
2βs − 1

)2
+ dα

rd

(
1− 2βr +

δ

2δ − 1
2βs

(
2βr

2δ−1
δ − 1

))
. (13)

The optimalδ depends only ondsr and drd. Fig. 3(a) shows the optimal choice ofδ as a function of
the spectral efficiencyβ for different dsr when the path loss exponent isα = 4 anddsd = drd = 1. For
dsr = 0, the optimalδ is 0.5, since by symmetry theR−D andS −D links will be equally good on the
average. However, asdsr increases the optimalδ increases as well. For example, for the symmetric case
(i.e., dsr = drd = dsd = 1), δopt ≈ 0.7 which means that the first phase should be allocated almost twice
as much resources as the second phase.

Fig. 3(b) shows the relative power gain over repetition coding with MRC that can be obtained by
optimally choosingδ. The figure also shows the power gain of parallel coding whenδ = 0.5 anddsd =
dsr = drd = 1. This gain is very small at low spectral efficiency, but it increases with increasingβ. By
comparing (12) and (6), one can see that ifδ is fixed to0.5 the maximum achievable gain over repetition
coding is upper bounded by5 log10(1.5) ≈ 0.88 dB. However, with optimizedδ the gain grows without
bound asβ increases. This shows how important the optimization ofδ is for the performance.



7

IV. CASE 2: DF RELAYING WITH ONE BIT OF INSTANTANEOUSCSI AT S
It is possible to improve on the performance obtained in Section III, by letting D transmit one single

bit of CSI that indicates (in advance) whether transmission over the direct link would succeed or not. The
condition for a successfulS − D transmission is precisely thatαsd must be large enough forO(αsd, β)
not to occur. If this CSI-flag-bit indicates that the direct link will succeed, thenS should simply use all
available channel uses (T ) for the direct link transmission (i.e,. not useR at all). Otherwise, the protocol
resorts to the one analyzed in Section III. As in Section III we will analyze four different coding schemes
and combining techniques.

A. Repetition Coding and Selection Combing atD
The outage event with SC atD using RC (henceδ = 0.5) atR is

O(αsd, β)
⋂[

O(αsr, 2β)
⋃
O(αrd, 2β)

]
. (14)

The outage probability is found by direct calculation to be

Pout =
(
2β − 1

) (
22β − 1

) γsr/γsd + γrd/γsd

γsrγrd

+ O

(
1

ρ3

)
. (15)

B. DF with Repetition Coding atR and MRC atD
The outage event with RC atR and MRC atD is

O(αsd, β)︸ ︷︷ ︸
O1

⋂O(αsr, 2β)︸ ︷︷ ︸
O2

⋃
O (αrd + αsd, 2β)︸ ︷︷ ︸

O3

 . (16)

The outage probability is

Pout = Pr
{
O1

⋂
O2

}
+ Pr {O3|O1}Pr

{
O1

⋂
Oc

2

}
. (17)

To compute (17) consider

P̃ , Pr {O3|O1}
=

Pr {O3,O1}
Pr {O1}

=

∫ 2β−1

0

Pr
{
αsd + αrd < 22β − 1, αsd = t

} fαsd
(t)

Pr {O1}dt

=

∫ 2β−1

0

Pr
{
αsd + αrd < 22β − 1, αsd = t

}
gαsd

(t)dt (18)

In (18), fαsd
(·) denotes the pdf ofαsd andgαsd

(t) is given by

gαsd
(t) ,

{
1

ςγsd
exp

(
− t

γsd

)
0 < t < 2β − 1

0 otherwise
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whereς , Pr {O1} = Pr
{
αsd < 2β − 1

}
= 1− exp

(
1−2β

γsd

)
. Thus,

P̃ =

∫ 2β−1

0

Pr
{
αrd < 22β − 1− t

} 1

ςγsd

exp

(
− t

γsd

)
dt

=
1

ς

∫ 2β−1

0

[
1− exp

(
t− (22β − 1

)
γrd

)]
1

γsd

exp

(−t

γsd

)
dt

=
1

ς

[
1− exp

(
1− 2β

γsd

)]
−
∫ 2β−1

0

1

ςγsd

exp

(
t− (22β − 1

)
γrd

− t

γsd

)
dt︸ ︷︷ ︸

,A

whereA can be further simplified by considering two cases, namelyγsd 6= γrd andγsd = γrd. We obtain

P̃ =


1
ς

[
1− exp

(
1−2β

γsd

)]
+ γrd

ς(γsd−γrd)
exp

(
1−22β

γrd

) [
1− exp

(
(γsd−γrd)

γsdγrd
(2β − 1)

)]
if γsd 6= γrd

1
ς

[
1− exp

(
1−2β

γsd

)
− 2β−1

γsd
exp

(
1−22β

γrd

)]
if γsd = γrd

(19)

Having foundP̃ , we can obtain the probability of the outage event in (16) as

Pout =



(
1− exp

(
1−22β

γsr

))(
1− exp

(
1−2β

γsd

))
+ exp

(
1−22β

γsr

)(
1− exp

(
1−2β

γsd

)
+

γrd

γsd−γrd
exp

(
1−22β

γrd

) [
1− exp

(
(γsd−γrd)

γsdγrd
(2β − 1)

)])
if γsd 6= γrd

(
1− exp

(
1−22β

γsr

))(
1− exp

(
1−2β

γsd

))
+ exp

(
1−22β

γsr

) [
1− exp

(
1−2β

γsd

)
− 2β−1

γsd
exp

(
1−22β

γrd

)]
if γsd = γrd

(20)
Using a series expansion, we find that

Pout =
(
2β − 1

) (
22β − 1

) γsr/γsd + γrd/γsd

γsrγrd

− 0.5
(
2β − 1

)2 1

γsdγrd

+ O

(
1

ρ3

)
. (21)

By comparing (21) with (15), we see that the maximum possible gain of MRC over selection combining
is achieved at low spectral efficiency. This gain is 0.29 dB athigh SNR ifdsr = dsd = drd = 1. This gain
then starts decreasing when increasing the spectral efficiency. For example, for spectral efficiencyβ = 0.5
and 2 bpcu, the gain at high SNR is 0.24 and 0.11 dB respectively. The performance of the scheme with
one bit of CSI feedback with SC approaches that of its counterpart with MRC as the spectral efficiency
increases. This is due to the fact that the gain of MRC over SC isessentially apowergain which is less
important than a bandwidth gain at large spectral efficiencies.

C. Parallel Coding atR and Selection Combing atD
With PC atR and SC atD, andδ defined as before, the outage event is

O(αsd, β)
⋂[

O(αsr, βs)
⋃
O(αrd, βr)

]
, (22)

The probability of (22) is

Pout =
2β − 1

γsd

[
2βs − 1

γsr

+
2βr − 1

γrd

]
+ O

(
1

ρ3

)
. (23)
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If S andR use equal transmit power, (23) suggests that we can optimizeδ according to

min
δ, 0<δ<1

(
2

β
δ − 1

)
dα

sr +
(
2

β
1−δ − 1

)
dα

rd. (24)

Note that optimal choice ofδ does not depend ondsd. This is natural, because it is implicit in SC that if
the S − R − D link is used, thenD discards the transmission heard directly fromS. Moreover, we see
that δopt = 0.5 whendsr = drd.

D. Parallel Coding atR and Code Combining atD
With PC atR and using the optimal receiver (code combining) atD, the outage event is

O(αsd, β)
⋂[

O(αsr, β/δ)
⋃
Õ(αsd, αrd, δ)

]
, (25)

whereÕ(αsd, αrd, δ) is given by (11). The probability of (25) can be found to be

Pout =



(
2βs − 1

) (
2β − 1

)
1

γsdγsr
+(

1− 2β + δ−1
2δ−1

2βr

(
2β 2δ−1

δ−1 − 1
))

1
γsdγrd

+ O
(

1
ρ3

)
, if δ 6= 1

2(
22β − 1

) (
2β − 1

)
1

γsdγsr
+(

1− 2β + ln(2)β22β
)

1
γsdγrd

+ O
(

1
ρ3

)
, if δ = 1

2

(26)

Using (26), the optimalδ (0 < δ < 1) can be obtained via

min
δ, 0<δ<1

dα
sr

(
2βs − 1

) (
2β − 1

)
+ dα

rd

δ − 1

2δ − 1
2βr

(
2β 2δ−1

δ−1 − 1
)

. (27)

For the symmetric case (i.e.,dsr = dsd = drd = 1), we haveδopt ≈ 0.6.

V. CASE 3: DF RELAYING WITH PERFECTINSTANTANEOUSCSI AT S
In this section we analyze the outage performance of adaptive PC-based DF relaying protocols that

exploit instantaneoustransmitter CSI for theS −R andS −D links. (It will turn out, that only one bit
of CSI for theS −D link is indeed necessary in this case.) Now, the parameterδ should be chosen based
on the instantaneous CSI, such that the outage probability isminimized.

A. Parallel Coding and Selection Combining atD
The outage event with SC atD is

O(αsd, β)︸ ︷︷ ︸
,O1

⋂[
O(αsr, βs)

⋃
O(αrd, βr)

]
︸ ︷︷ ︸

,O2

, (28)

whereβs = β
δ

and βr = β
1−δ

as before. If the direct link is in outage,S should chooseδ as small as
possible but large enough so that the message reachesR. In other words, enough channel uses should be
allocated toS such that

Oc(αsr, βs) ⇔ log2 (1 + αsr) ≥ βs. (29)

Sinceβs ≥ β andδ ≤ 1, the optimalδ is obtained by

δopt = min

{
1,

β

log2(1 + αsr)

}
. (30)

Fig. 4 presents a flowchart for the optimal block length allocation. This optimal assignment requires
two things: perfect knowledge of theS − R channel gain (i.e.,αsr) and additionallyonly 1 bit of CSI
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feedback fromD which indicates whether the transmission over the direct link will be successful or not.
If so, S usesδopt = 1. Otherwise,S choosesδ according to (30).

SinceO1 andO2 are independent, we have

Pout = Pr{O1}Pr{O2} . (31)

Using the result in Appendix A, the probability of the outageevent in (28) withδ chosen according to
(30) is given by

Pout =

(
1− exp

(
−2β − 1

γsd

))(
1− exp

(
−2β − 1

γsr

))
+

[
1− exp

(
−2β − 1

γsd

)]
κ(γsr, γrd)

γsr

=
[(

2β − 1
)2

+ κ(γsr, γrd)
(
2β − 1

)] 1

γsdγsr

+ O

(
1

ρ3

)
, (32)

where

κ(γsr, γrd) , (ln 2)

∫ ∞

β

2t exp

(
1− 2t

γsr

)[
1− exp

(
1− 2

βt
t−β

γrd

)]
dt. (33)

The functionκ(γsr, γrd) can be evaluated numerically. An example plot ofκ(γsr, γrd) versus power for
different spectral efficiencies (β) was provided in [17]. It can be shown thatκ(γsr, γrd) reaches a maximum
for a particularβ, and it then decreases slowly as the power increases. The outage probability can be
upper bounded by

Pout ≤
[(

2β − 1
)2

+ κ̃
(
2β − 1

)] 1

γsdγsr

, (34)

whereκ̃ is the maximum ofκ(γsr, γrd). The following result sheds some light on the asymptotic behavior
of κ(γsr, γrd):

Proposition 1 (Behavior ofκ(γsr, γrd)):

lim
ρ→∞

κ(γsr, γrd) =

(
drd

dsr

)α (
2β − 1

)
lim
ρ→0

κ(γsr, γrd) = 0 (35)

Proof: See Appendix B.
Using Proposition 1, the outage probabilities at low (Plow

out) and high SNR (Phigh
out ) are

Plow
out ≈

(
1− exp

(
−2β − 1

γsd

))(
1− exp

(
−2β − 1

γsr

))
, ρ ≪ 1,

γsdγsrγrd

γsr + γrd

· Phigh
out → (

2β − 1
)2

as ρ →∞. (36)

B. Parallel Coding atR and Code Combining atD
We next consider PC atR and CC atD. The outage event is given by

O(αsd, β)
⋂[

O(αsr, βs)
⋃
Õ(αsd, αrd, δ)

]
, (37)

whereÕ(αsd, αrd, δ) is defined by (11) and as before,βs = β
δ
. The following proposition gives the optimal

choice ofδ.
Proposition 2: The δ that minimizes the probability of the outage event in (37) is

δopt = min

{
1,

β

log2(1 + αsr)

}
. (38)
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Proof: If the S−D link is in outage,R must collaborate. In other words, enough channel uses should
be allocated toS such thatlog2 (1 + αsr) ≥ βs. Sinceβs ≥ β and δ ≤ 1, the feasible set of solutions is
then given by

β

log2(1 + αsr)
≤ δ ≤ 1.

Among all possible solutions we should pick the one which maximizes

δ log2 (1 + αsd) + (1− δ) log2 (1 + αrd) .

It is easy to see that ifαsd > αrd, we haveδopt = 1, which means that we should resort to non-collaborative
transmission. But in this case we are in outage anyway, since we useR only when theS − D link is
in outage. However, ifαrd > αsd, we should use a minimum amount of channel uses for the first phase.
Therefore, the optimalδ is given by (38).

The block length allocation scheme according to Fig. 4 is therefore valid for DF with PC as well.
Sinceβs ≥ β, R cannot cooperate whenO(αsr, β). Moreover whenR cooperates, theS −D link cannot
support a spectral efficiency greater thanβ. Thus, the outage probability is given by

Pout = Pr
{
O(αsr, β)

⋂
O(αsd, β)

}
+ Pr

{
Õ(αsd, αrd, δ)|Oc(αsr, β)

⋂
O(αsd, β)

}
︸ ︷︷ ︸

,P̄

×

Pr
{
Oc(αsr, β)

⋂
O(αsd, β)

}
.

The quantityP̄ is evaluated in Appendix C. Thus, the outage probability can be calculated as

Pout =

(
1− exp

(
−2β − 1

γsd

))(
1− exp

(
−2β − 1

γsr

))
+

ν(γsr, γrd, γsd)

γsrγrd

=
[(

2β − 1
)2

+ ν(γsr, γrd, γsd)
] 1

γsdγsr

+ O

(
1

ρ3

)
, (39)

where

ν(γsr, γrd, γsd) , (ln 2)2

∫ ∞

β

∫ β

0

exp

(
1− 2t

γsr

+
1− 2r

γsd

)[
1− exp

(
1− 2

t−r
t−β

β

γrd

)]
2t+rdrdt.

The functionν(γsr, γrd, γsd) can be evaluated numerically. It can be shown thatν(γsr, γrd, γsd) reaches
a maximum for a particularβ, and it then decreases slowly as the power increases. The outage probability
can be upper bounded by

Pout ≤
[(

2β − 1
)2

+ ν̃
(
2β − 1

)] 1

γsdγsr

, (40)

whereν̃ is the maximum ofν(γsr, γrd, γsd). For high and low SNR we have the following behavior:
Proposition 3 (Behavior ofν(γsr, γrd, γsd)):

lim
ρ→∞

ν(γsr, γrd, γsd) =

(
drd

dsr

)α (
2β − 1

)2
lim
ρ→0

ν(γsr, γrd, γsd) = 0 (41)

Proof: See Appendix D.
Using Proposition 3, the outage probabilities at low (Plow

out) and high SNR (Phigh
out ) are

Plow
out ≈

(
1− exp

(
−2β − 1

γsd

))(
1− exp

(
−2β − 1

γsr

))
, ρ ≪ 1,

γsdγsrγrd

γsr + γrd

· Phigh
out → (

2β − 1
)2

as ρ →∞. (42)
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Comparing (42) and (36), we see that DF relaying with perfect CSI with selection combining (SC) and
with code combining (CC) have the same outage probabilities both at low and at high SNR. Fig. 5 shows
these outage probabilities fordrd = dsd = 1, andα = 4. The plots are obtained by numerically evaluating
(32) and (39). It can be seen that the outage probabilities atlow SNR are the same, and at high SNR both
schemes approach the asymptotic curve given by (36) and (42). It is worth mentioning, however, that CC
is more complex than MRC and SC.

VI. SUMMARY AND COMPARISONS

Table II presents the outage probabilities of the schemes that we have studied in the paper. Clearly, all
DF-based collaborative schemes provide a diversity order of two. Note that all outage probabilities can
be written as

f(β, δ)K(γsd, γsr, γrd) + O

(
1

ρ3

)
wheref(β, δ) depends on the link spectral efficiencyβ and onδ (the relative block-length allocated to the
first phase), and whereK(γsd, γsr, γrd) depends on the SNR and on the geometry of the relay network.
By neglecting theO(1/ρ3) terms at the end of all equations, we can compare the high-SNRperformance
of all schemes and investigate the effect of bandwidth allocation. For example, if we compare the outage
probability of repetition coding (RC) with that of selection combining (SC) and MRC in Case 1, we see
that both have the samef(β, δ = 0.5) while MRC gives a lower value ofK(γsd, γsr, γrd) (cf. Table II).
By doing a similar comparison for Case 2, we see that the gain of MRC over SC vanishes asβ increases
(the first term of the outage probability of MRC is identical tothat for SC, and it dominates for largeβ;
cf. Table II).

We next show some quantitative comparisons of the outage probabilities for the different schemes.
Fig. 6(a) shows the relative gains of the collaborative schemes over non-adaptive repetition coding with
MRC atD whendsd = drd = 1, for β = 0.25 bpcu. It is seen that for smalldsr (i.e., whenR is close to
S), the gain of PC with one bit of CSI feedback is very close to that of DF relaying with perfect CSI.
Repetition coding in conjunction with one bit of CSI feedback performs very close to its counterpart with
parallel coding whenR is close toD. Fig. 6(b) shows the corresponding relative gains forβ = 2 bpcu.
It can be seen that the performance of repetition coding evenwith one bit of CSI feedback is poor at
high spectral efficiency. However, parallel coding with onebit of CSI feedback provides results which are
comparable to those with perfect CSI whenR is close toS. Comparing Figs. 6(a) and 6(b), one can see
that the gain of the proposed schemes with one bit of CSI feedback increases with spectral efficiency.

VII. S IMULATION RESULTS

We used Monte-Carlo simulation to verify our analytical results. The channelsS − R, S − D, and
R−D were assumed to be independent Rayleigh fading with meansd−α

ij , α = 4, wheredij is the distance
between nodei and nodej. Fig. 7 shows the outage probability versus power whenβ = 2 bpcu for the
symmetric case. In addition to the analytical and the simulation results, high-SNR approximations3 are
plotted as well. We see that the high-SNR approximations aretight. For this particular spectral efficiency,
relaying with one bit of CSI feedback outperforms conventional decode-and-forward with MRC atD by
2.9 dB. With perfect CSI feedback and SC, the gain is 4.5 dB at outage probability10−3. DF with PC
in conjunction with perfect CSI can further improve the performance. This improvement varies between
1 and 0.5 dB in the shown SNR range, but will vanish at higher SNR. We also see that the scheme with
one bit of CSI feedback outperforms non-collaborative transmission for the entire SNR range.

3The high-SNR approximations are obtained by neglecting the termsO(1/ρ3) in the analytical expressions; see Section VI.
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VIII. C ONCLUSIONS

We have provided analytical, finite-SNR results on the outage performance of DF relaying and ad-
ditionally used these results to optimize the number of channel uses allocated for the source and relay
transmissions, respectively. We considered three basic cases: the source had either long-term channel
knowledge, 1-bit channel knowledge, or perfect (instantaneous) information about the channel gain.

We showed that for fixed SNR, the effect of optimizing the bandwidth allocation between the source and
the relay provides a substantial power gain. However, this optimization does not affect the diversity order,
which is two in all cases, since there is no optimization across independently fading channel realizations.
A number of other interesting observations have also emerged. For example, we have seen that the
performance of selection combining can be comparable to that of MRC and that of code combining. We
have also demonstrated that for the case of perfect channel knowledge at the source, selection combining
and code combining provide the same performance as SNR approaches infinity. However, at moderate
SNR, code combining provides better performance than selection combining.

APPENDIX A
CALCULATION OF P2hop

out

The probability that theS −R−D path is in outage is given by

P2hop
out , Pr

{
O(αsr, βs)

⋃
O(αrd, βr)

}
= Pr

{
αsr < 2β − 1

}
+ Pr

{
αrd < 2βr − 1

∣∣∣αsr > 2β − 1
}

Pr
{
αsr > 2β − 1

}
.

We first calculate the following intermediate quantity:

P̆ , Pr
{

αrd < 2βr − 1
∣∣∣αsr > 2β − 1

}
= Pr

{
αrd < 2

log2(1+αsr)
log2(1+αsr)−β

β − 1
∣∣∣αsr > 2β − 1

}
= Pr

{
log2(1 + αrd) <

β log2(1 + αsr)

log2(1 + αsr)− β

∣∣∣ log2(1 + αsr) > β

}
= Pr

{
y <

βx

x− β

∣∣∣x > β

}
, (43)

wherex , log2(1 + αsr) andy , log2(1 + αrd). The pdfs of the random variablesx andy are given by

fx(t) =
ln 2

γsd

exp

(
1− 2t

γsd

)
2t, fy(t) =

ln 2

γrd

exp

(
1− 2t

γrd

)
2t, t ≥ 0. (44)

Thus,

P̆ =

∫ ∞

β

Pr

{
y <

βx

x− β

}
fx(x)dydx =

∫ ∞

β

[
1− exp

(
1− 2

βt
t−β

γrd

)]
fx(t)dt

=
ln 2

γsr

∫ ∞

β

2t exp

(
1− 2t

γsr

)[
1− exp

(
1− 2

βt
t−β

γrd

)]
dt.

We thus obtain

Pout = 1− exp

(
−2β − 1

γsr

)
+ exp

(
−2β − 1

γsr

)
κ(γsr, γrd)

γsr

, (45)

whereκ(γsr, γrd) is given by (33).
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APPENDIX B
PROOF OFPROPOSITION1

A. Limit at infinity

First we establishlimρ→∞ κ(γsr, γrd). We do this by finding an upper and a lower bound.
Lower bound: Observe that

s(t) , 1− exp

(
1− 2

βt
t−β

γrd

)
is a decreasing function over(β,∞]. We thus have, fort ≥ 0:

s(t) ≥ lim
t→∞

1− exp

(
1− 2

βt
t−β

γrd

)
= 1− exp

(
1− 2β

γrd

)
. (46)

Using (46), we obtain

κ(γsr, γrd) ≥
[
1− exp

(
1− 2β

γrd

)]
(ln 2)

∫ ∞

β

2t exp

(
1− 2t

γsr

)
dt

= γsr

[
1− exp

(
1− 2β

γrd

)]
exp

(
1− 2β

γsr

)
. (47)

Upper bound: Let ε, ε > 0 andM , M > β + ε be arbitrary andκ(γsr, γrd) = I1 + I2 + I3, where

I1 , (ln 2)

∫ β+ε

β

2t exp

(
1− 2t

γsr

)[
1− exp

(
1− 2

βt
t−β

γrd

)]
dt,

I2 , (ln 2)

∫ M

β+ε

2t exp

(
1− 2t

γsr

)[
1− exp

(
1− 2

βt
t−β

γrd

)]
dt,

I3 , (ln 2)

∫ ∞

M

2t exp

(
1− 2t

γsr

)[
1− exp

(
1− 2

βt
t−β

γrd

)]
dt.

Since1− exp

(
1−2

βt
t−β

γrd

)
≤ 1, we have

I1 ≤ (ln 2)

∫ β+ε

β

2t exp

(
1− 2t

γsr

)
dt = γsr

[
exp

(
1− 2β

γsr

)
− exp

(
1− 2β+ε

γsr

)]
. (48)

Now we boundI2. Recall thats(t) is a decreasing function over[β + ε,M ]. Thereby, we have

I2 ≤
[
1− exp

(
1− 2

β(β+ε)
ε

γrd

)]
(ln 2)

∫ M

β+ε

2t exp

(
1− 2t

γsr

)
dt

= γsr

[
1− exp

(
1− 2

β(β+ε)
ε

γrd

)][
exp

(
1− 2β+ε

γsr

)
− exp

(
1− 2M

γsr

)]
. (49)

Similarly, we obtain

I3 ≤
[
1− exp

(
1− 2

βM
M−β

γrd

)]
(ln 2)

∫ ∞

M

2t exp

(
1− 2t

γsr

)
dt

≤ γsr

γrd

(
2

βM
M−β − 1

)∫ ∞

M

ln 2

γsr

2t exp

(
1− 2t

γsr

)
=

γsr

γrd

(
2

βM
M−β − 1

)
exp

(
1− 2M

γsr

)
≤ γsr

γrd

(
2

βM
M−β − 1

)
(50)
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where we used1− ex ≤ −x.
Putting (47)-(50) together, we have

δ1 ≤ κ(γsr, γrd) ≤ δ2 (51)

where

δ1 = γsr

[
1− exp

(
1− 2β

γrd

)]
exp

(
1− 2β

γsr

)
,

δ2 = γsr

[
exp

(
1− 2β

γsr

)
− exp

(
1− 2β+ε

γsr

)]
+

γsr

[
1− exp

(
1− 2

β(β+ε)
ε

γrd

)][
exp

(
1− 2β+ε

γsr

)
− exp

(
1− 2M

γsr

)]
+

γsr

γrd

(
2

βM
M−β − 1

)
.

The inequality (51) holds for anyε > 0 and M > β + ε, and anyγsr and γrd. Taking limits from the
upper bound and the lower bound in (51), we obtain

lim
ρ→∞

δ1 =
γsr

γrd

(
2β − 1

)
, (52)

and

lim
ρ→∞

δ2 = 2β (2ε − 1) +
γsr

γrd

(
2

βM
M−β − 1

)
. (53)

In (53), ε andM are arbitrary numbers. By choosingε andM small and large enough, respectively, one
can make the right hand side of (53) arbitrarily close to the right hand side of (52). That is, the upper
bound and the lower bound in (51) meet each other asρ approaches infinity. Thuslimρ→∞ κ(γsr, γrd)
exists and its value is

lim
ρ→∞

κ(γsr, γrd) =
γsr

γrd

(
2β − 1

)
. (54)

B. Limit at zero

Finally we prove thatlimρ→0 κ(γsr, γrd) = 0. This follows directly since

0 ≤ κ(γsr, γrd) = (ln 2)

∫ ∞

β

2t exp

(
1− 2t

γsr

)[
1− exp

(
1− 2

βt
t−β

γrd

)]
︸ ︷︷ ︸

≤1

dt

≤ (ln 2)

∫ ∞

β

2t exp

(
1− 2t

γsr

)
dt = γsr exp

(
1− 2β

γsr

)
︸ ︷︷ ︸

≤1

≤ γsr → 0, asρ → 0.

APPENDIX C
CALCULATION OF P̄

Consider

P̄ , Pr

{
β

x
z +

(
1− β

x

)
y < β

∣∣∣x > β, z < β

}
wherex = log2(1 + αsr), y = log2(1 + αrd), andz = log2(1 + αsd). The pdfs of the random variablesx
andy are given by (44) and the pdf ofz conditioned on the event{z < β} is

g(z) =

{
ln 2
ςγsd

exp
(

1−2z

γsd

)
2z 0 < z < β

0 otherwise
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whereς , Pr{z < β} = 1− exp
(

1−2β

γsd

)
. After some manipulations, one obtains

P̄ =

∫ ∞

β

∫ β

0

[
1− exp

(
1− 2

t−r
t−β

β

γrd

)]
g(r)fx(t)drdt. (55)

APPENDIX D
PROOF OFPROPOSITION3

A. Limit at infinity

The ν(γsr, γrd, γsd) is given by

ν(γsr, γrd, γsd) = γsdγsr

∫ ∞

β

∫ β

0

[
1− exp

(
1− 2

t−r
t−β

β

γrd

)]
fz(r)fx(t)drdt,

wherefx(t) is given in (44) andfz(r) = ln 2
γsr

exp
(

1−2r

γsr

)
2r, r ≥ 0. To this end, we establish an upper

and a lower bound onν(γsr, γrd, γsd).
Lower bound: Note that we have

1− exp

(
1− 2

t−r
t−β

β

γrd

)
≥ 1− exp

(
1− 2β

γrd

)
when0 ≤ r ≤ β and t ≥ β. Thus we obtain

ν(γsr, γrd, γsd) ≥ γsdγsr

[
1− exp

(
1− 2β

γrd

)]∫ ∞

β

∫ β

0

fz(r)fx(t)drdt

= γsdγsr

[
1− exp

(
1− 2β

γrd

)][
1− exp

(
1− 2β

γsd

)]
exp

(
1− 2β

γsr

)
=

(
2β − 1

)2 γsr

γrd

+ O

(
1

ρ

)
. (56)

Upper bound: We have

1− exp

(
1− 2

t−r
t−β

β

γrd

)
≤ 1− exp

(
1− 2

βt
t−β

γrd

)
,

when0 ≤ r ≤ β and t ≥ β. Then

ν(γsr, γrd, γsd) ≤ γsdγsr

∫ ∞

β

∫ β

0

[
1− exp

(
1− 2

βt
t−β

γrd

)]
fz(r)fx(t)drdt

= γsdγsr

[
1− exp

(
1− 2β

γsd

)]∫ ∞

β

[
1− exp

(
1− 2

βt
t−β

γrd

)]
fx(t)dt

= γsd

[
1− exp

(
1− 2β

γsd

)]
κ(γsr, γrd). (57)

Using (56), (57) and (54), we obtain

lim
ρ→∞

ν(γsr, γrd, γsd) =
γsr

γrd

(
2β − 1

)2
. (58)
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B. Limit at zero

Now, we prove thatlimρ→0 ν(γsr, γrd, γsd) = 0:

0 ≤ ν(γsr, γrd, γsd) = γsdγsr

∫ ∞

β

∫ β

0

[
1− exp

(
1− 2

t−r
t−β

β

γrd

)]
︸ ︷︷ ︸

≤1

fz(r)fx(t)drdt

≤ γsdγsr

∫ ∞

β

∫ β

0

fz(r)fx(t)drdt

= γsdγsr

[
1− exp

(
1− 2β

γrd

)]
︸ ︷︷ ︸

≤1

[
1− exp

(
1− 2β

γsd

)]
︸ ︷︷ ︸

≤1

exp

(
1− 2β

γsr

)
︸ ︷︷ ︸

≤1

≤ γsdγsr → 0, asρ → 0.
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TABLE II
SUMMARY OF RESULTS: OUTAGE BEHAVIOR OF THEDF RELAYING SCHEMES. IN THE TABLE, γij IS THE AVERAGE SNR FROM NODEi

TO NODE j AND ρ IS THE TRANSMIT POWER. (FOR THE DEFINITIONS OFCASES1, 2 AND 3, SEETABLE I.)

Transmission scheme Pout: Outage Probability

Direct transmission (S − D) 2β−1
γsd

+ O
“

1
ρ2

”
Repetition coding and SC

`
22β − 1

´2 γrd/γsd+γsr/γsd
γsrγrd
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“

1
ρ3

”
Case 1 Repetition coding and MRC
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««
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“
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”
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“
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