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Abstract

We provide analytical results on the finite-SNR outage perémce of packet-based decode-and-forward
relaying over a quasi-static fading channel, with diffeargypes of transmitter channel state information (CSI).
At the relay we consider repetition coding (RC) and paraltaling (PC). At the destination we consider receivers
based on selection combining (SC), code combining (CC),rmadimum-ratio combining (MRC) (the latter only
for the case of RC at the relay). Based on available CSI, winige the number of channel uses consumed by
the source and by the relay for each packet. In doing so, weidenthree different protocols that make use of
different combinations of long-term CSI, 1-bit CSI and cdete CSI, respectively, at the source node. Several
interesting observations emerge. For example, we showfdhdtigh SNR, SC and CC provide the same outage
probabilities when the source has perfect CSI.

Index Terms

Cooperative communications, relay channel, decode-arvdafd, block length optimization, combining tech-
niques, channel state information.

I. INTRODUCTION

Collaboration via a relay node for realizing transmit divgrsn wireless networks has been recently
proposed [1]-[14], [17]. The idea is that when the transiorssf data from a sourceS) to a destination
(D) encounters unfavorable channel conditions, a reRyrhay be employed to help by listening to the
transmission fronsS and then forwarding it t@. D may then combine whatever was heard directly from
S and fromR. Finding the capacity of such a three-node network (cangistf S, R, andD) is still
an open problem, and therefore the “best” collaborative eniadyeneral is unknown. One important and
relatively simple way of collaborating is decode-and-fard/ (DF) relaying [2]. DF works by lettingR
decode the data packet, re-encode it, and transmitR.ttn this paper we deal only with DF relaying.
The main reason for this is that DF naturally permits &he R and’R — D links to operate with different
spectral efficiencies, by choosing appropriate moduladiah coding schemes. We also limit the discussion
to half-duplex relays, i.e., relays that cannot transmd &sten on the same frequency simultaneously.
Furthermore, we will deal only with quasi-static (slow fag) channels, since in this case it is possible
to gain instantaneous channel state information (CS§ andR by using a feedback link fror®.

The two fundamental resources when conveying data ffaim D are the number of channel uses (also
referred to as the time-bandwidth product, the dimensiorthe number of degrees of freedom of the
channel) and the available transmit energy per packet. Wedemote the number of available channel
uses byI' and the total energy per data frame by= PT, whereP is the transmit power. With DF, the
transmission of a packet takes place in two phases. In thefiese S transmits its data using, channel
uses. During this phase, bof andD listen to the transmitted signal. In the second phase, geavthat
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R successfully decoded the pack®&, retransmits the packet using an appropriate transmissionatt.
The second phase consuniEs= T — T, channel uses. The channels used for the transmissios by
andR are orthogonal.

We shall assume thadt andR operate under individual power constraints and that theysimit with a
fixed power. This is natural in most applications. Additityahere is some evidence that the possibility
of trading power betwees and R (under a joint power constraint) brings only a marginal gaimen
the relation betweeft, andT; is optimally chosen [12], [16]. This is so at least in the baiuth-limited
regime, i.e., in the regime of information theory where rgtews (only) logarithmically with power. In
addition, one can argue that trading power betw&eand R is unrealistic in practice since these two
nodes may have their own battery, which naturally gives dividual power constraint. Note also, that the
optimization problem does not changedfand R have different individual power constraints: different
individual power constraints can simply be incorporatetd ithe model by appropriately adjusting the
channel gains.

A. Contributions

This paper deals with the finite-SNR outage performance cbB$ed relaying schemes. We establish
a number of outage probability results in closed form. We a&samine how the number of channel uses
allotted toS andR (that is, T, andT,, respectively) should be optimally chosen in order to minarthe
outage probability. For simplicity, we will refer to sucharmel use allocation as “bandwidth allocation”.

We will consider two different coding schemes at the relay:

« Repetition coding (RC): With RCR forwards the packet using the same channel code as was used
by S. Thus the transmissions hy and R consume the same number of channel uses so we have
T,=T. =ZL21

. Parallel coéing (PC): With PCR uses a channel code different from that usedbyror the analysis
we will assume thatS and R pick two independent Gaussian codebooks at random, andhibse
codes do not necessarily have the same rate. Hence, with P@ayehaveT, # T,; sayT, = 6T
and7T, = (1 — 4)T in general where) < ¢ < 1. That is§ and1 — § reflect the fractions of the
time-bandwidth product used ky and byR.

For both RC and PC, we consider two receiver structurel: at

« Selection combining (SC): With S@ considers the transmission succesgitiher if it can decode
the packet fromS directly or if it can hear the transmission frofR.

« Optimum combining (OC): With OCD optimally combines the information heard frashand that
heard fromR. This reduces to maximum-ratio combination (MRC) when RC iduseR, but it
involves a code combining (CC) receiver when PC is useR.at

When optimizing bandwidth (for the protocols where this isgible), we consider three different protocols
that exploit different amounts of CSI & R andD (see Table 1). One of the main contributions of the
paper is then to examine (for finite SNR) how much transmittel €® improve the performance of a
DF relay link, when bandwidth allocation is optimally done.

B. Relation to Previous Literature

Our work contains two novel aspects. First, we provide dicaly finite-SNR performance results
for a number of DF relaying protocols in closed form. Thisnsi® in contrast to most existing work
on performance analysis of relay links [3]-[14] which eithhesorts to simulations, or to asymptotic
measures such as diversity-multiplexing tradeoff. Th@sdaontribution is that we provide a framework
for resource (channel use) optimization for a variety of borations of CSI availability (cf. Table I).
This extends previous work on resource allocation for relagnnels, which has mostly focused on power

There exist coding schemes based on repetition coding but for wWhiohly repeatsa fraction of the data heard frons. See [16] for a
detailed discussion of such a method.



TABLE |
THE DIFFERENTCSI-AVAILABILITY SITUATIONS CONSIDERED IN THE PAPER

Case 1 Case 2 Case 3
(Sec. 1) | (Sec. IV) (Sec. V)
S-D non€ one bit one bhit

S—R || long-term | long-term | instantaneous (perfect)

R-D || long-term | long-term none
*Knowledge of more complete CSI does not change the optimal bandwiiditaton in
theses cases.

optimization for fixed bandwidth allocation [3]-[9]. In &dlon to existing papers that investigate channel
use (bandwidth) optimization for DF relaying over quasitist channels [10]-[12], we note the following.
The work of [10] does not investigate the impact of feedbanktloe outage performance. Reference
[11] optimizes delay-limited capacity while in this papee wonsider outage probability (at fixed rate).
Additionally, [10], [11] do not investigate different comming techniques at the destination. Reference
[12] only considers repetition coding at the relay. Alsag terformance results presented in [10]-[12]
heavily rely on simulation. In addition to the aforemengdnpapers, there is a body of literature on
bandwidth-power optimization for thergodic relay channel (see for example [13], [14]), but this is a
fundamentally different problem from that considered ie tturrent paper. In [16] we proposed a DF
scheme based on partial repetition. Therein we also pe€drm finite-SNR analysis of the proposed
scheme and of some reference schemes. Relative to [16], timecowributions of the current paper are
that we (i) study the effect of instantaneous channel quédédback, and (ii) study the performance of
different combining schemes &t (more precisely, SC, OC and CC).

C. Outline and Organization of the Paper

We next provide a brief outline of the remaining part of th@ea

« Section Il presents the system model in more detalil.

« Section Il studies the performance of DF relaying with otdpg-term CSI atS. It turns out that
in this caseS does not need to knoanythingabout the quality of the& — D link; such knowledge
does not affect performance. Hence we write “none” in theesgponding entry of Table I.

« Section IV investigates DF relaying with one-bit instarans CSI of theS — D links and long-term
CSiI for the other links.

« Section V proceeds to consider the case wiSehas perfect CSI of th& — D andS — R links.

It turns out that in this case, the same performance is aetiigith one-bit CSI knowledge of the

S — D channel quality, and with full CSI knowledge of this link. ($hs also reflected in Table 1.)
For all schemes, we present analytical expressions forutege performance. Section VI (see especially
Table 1) summarizes and numerically compares these sedultSection VII, some numerical examples
are presented to verify the analytical results. Finallyt®a VIl concludes the paper.

[I. SYSTEM MODEL AND PRELIMINARIES

Figure 1 shows a schematic of the relay channel (consisfirgsourceS, a relayR and a destination
D) that we study in this paper. The transmission consists of givases. In the first phas§&, transmits
a signalz. The relayR receivesy,, = h,x + 2z, andD receivesy,, = h.gr + z,. During the second
phase, the relay transmits the signaland D receivesy,; = h,qx, + z.4. The variables,,., h,q, andh,,
denote the channel gains of the-R, S—D and R-D links.

Throughout we will assume that all channéls are Rayleigh fading, but constant during the trans-
mission of one block. That is, the fading is quasi-static. Mieher assume that the magnitudes of the
channel gains are independent, but not necessarily i@dgtidistributed. The variables,,, z,;, andz,4
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Fig. 1. [lllustration of the three-node relay channel studied in this paperST— D andR — D links are orthogonal.

denote mutually independent, zero-mean white additives&ian noise with unit variance per complex
dimension. We denote the received SNRs at the nodes;hyv.4, asq, and their means by, V.4, Vsa
where~,; £ Elay;], i € {s,r}, j € {r,d}.

We will use a simple path loss model which assumes that= PE[]U;”‘ l = N(ZQ = a& where P is
the transmit power)V, is the noise variancel;; is the distance between nodendj, « is "the path loss
exponent, angh = P [15].2 Throughout, we assume that adiceivingnodes have access to perfect CSI.
That is, R knows(xs,. and D knows oy, a,., anda,q. This is a weak assumption in slow fading.

As performance measure we will use the link outage prolighbeissuming capacity-achieving signaling
with a Gaussian codebook. With this measure, a link withivedeSNR;; and spectral efficiency bits
per channel use [bpcu] is in outage when

O(Oéij, 6) e 10g2(1 + aij) < ﬁ

In particular, this means that if the relay is not used (tnaigsion over the direct link only), we are in
outage ifO(asq, B). This occurs with probability

281
Pouwt = P{O(agq, 5)} = Pr{asd <20 — 1} / L exp ( t ) dt
Vsd
B _
_ o1, (1) | (1)

Vsd P

wherep = - is defined above.

While we assume Rayleigh fading throughout, most results weafpresent extend to a wide class
of other fading distributions. The important property ot tfading distribution that we use is that the
distribution of the channel gain satisfies

P(|h]* < 2) = az + O(2?), for some nonzera (2)

This is satisfied for Rayleigh fading in particular. Hencesrth

P(signal path bag~ P(|h|* < Ny) ~ NL
0

(which gives the classical slope-1 line when the logarithiriror probability is plotted against the SNR
in dB). With mth order diversity, we obtain the classical slapeeurve given by

P(m signal paths bad~ [P(|h|> < Np)]™ ~ (Ni)
0

and again, this holds whenever (2) is satisfied.
We also stress that while the three-node relay channel d@eresi here is a fairly simple model, it is
widely used in classical and contemporary literature, anmtavides fundamental insights.

2In the case thaf and R use different transmit powers, we incorporate this difference into tineesponding channel gains.



[1l. CASE1: DF RELAYING WITH ONLY LONG-TERM CSIAT S

The first case of interest is whe$ has access ttong-termCSl, i.e., the path loss and the statistics
of the fading distribution. Under the assumptions made iatiSe Il this is equivalent to knowing the
geometry (i.e., the distances;). In this case it will turn out that for high SNR, the optimalnuolvidth
allocation depends on the long-term CSI for the- R and R — D links, but it does not depend on the
CSl for theS — D link. (See Table 1.)

Some of the results in this section are novel, and a few wessepted in [16], [17] (the latter are
reviewed briefly for easy reference, but without derivagijon

A. Repetition Coding aR and Selection Combining &

With RC, § andR use the same code §¢ = T, = % With selection combining ab, we consider
that the link fails if theS—D link fails and theS—R—D links fails simultaneously. The corresponding
outage event is [12]

Ol0a,28) (| 00, 28) | O(00,28) |. )

20, =0, =03
Sincea,,, a4, anday, are independent, the probability of (3) can be shown to bé [17

Poi = PI(O1) [PIO,) + PH(Oy) — PHOPIO,)|

T S ST S 1
_ (225_1)2’Yd/7d+7 /7d+0<_3). @)
VsrVrd Y

B. Repetition Coding aR and Optimal Combining aD
With RC atR, the optimal receiver & consists of MRC. The outage event is [16]:

(s 28) () | Olsr 28) | Olpa + 00, 28)] 5)

The outage event in (5) is reminiscent of that of the seledrcode-and-forward (SDF) scheme presented
in [2]. However with SDF, when th& — D link is in outage,S repeats its message during the second
phase as well. Therefore, to realize SDF, one bit of CSI feddlfam R to S is required. By contrast,
throughout this section we have assumed that there is noisstaEntaneous CSI feedback availableSat
The outage probability corresponding to (5) is [16]

2 '7rd/’ysd + 0-5757“/'7511 1
Pout = (225 —1) o +0 5 ) (6)

We see from (4) and (6) that RC-based DF relaying provides adiiyeorder of two, both with SC
and with MRC. Comparing (4) with (6), it can be seen that,f = d,, = ds; then regardless of the value
of 5, MRC provides al0log,,(2/1.5) = 0.62 dB gain over SC at high SNR. This is in the complete
agreement with the simulation results presented in Sedtibifsee Fig. 7).

C. Parallel Coding atR and Selection Combining &?

With PC, R re-encodes the message using an independent random catteisvtlifferent from the code
used atS. Suppose thas consumed; = 6T channel uses an® consumes the rest (i.€l; = (1 — )T
channel uses). With SC &, the outage event is

Olavsa, 8,) () [0t 8) | J Ol )] ™)

where

6

and 3, = T3



The probability of the outage event (7) can be found by dicadtulation:

2P — 1020 -1 20 —1 1
Pou S ho(5) ®
Vsd Vsr Yrd 1Y
If S andR use equal transmit power, (8) suggests that we can optithacording to
min (2? - 1) [(ﬁ - 1) do + (2% - 1) ;%d} . 9)
8, 0<d<1

This optimization problem is convex and can be solved efiitye The optimumd depends only o,
andd,q. Fig. 2(a) shows plots of the optimalas a function of the spectral efficiency for differeht
whend,; = dsg = 1 anda = 4. As expected, whed,, = 0 (i.e., theS — R link is error free) the optimal
0 is 0.5. The optimab increases ad,, increases, for fixed,; and d,,. The increase i helpsR to
recover the transmitted message more often and therebyribis useful in the collaboration. Fig. 2(b)
shows the gain obtained by optimization ®fversus settingg = 0.5, as a function ofd,, for different
G. It can be seen that the gain increases with increasingrapedficiency and increasing,,.. Moreover,
the gain is negligible whed,, < 0.5. The closerR is located toS, the smaller the gain is. This is so
because for smalf,,, we haved,, ~ 0.5.

D. Parallel Coding atR and Optimal Combining aD

Next consider the case whén uses the optimal receiver, consisting of code combining dtutage
event is [16]

Olaa, 8/8) () [Olar. 5/8) | Ol a0, 9)] (10

where

O(tsd, Qrg, 0) < {010gy (1 + asq) + (1 —9) logy (1 + ag) < B} (11)
and the probability of an outage is [16]

(2% —1)° Lo+ (1= 2% 4 2 (2755 — 1)) -+ 0 (5), i o#]

YsdVsr VsdVrd

Pout = (12)
2 .
(22 - 1)" Lo+ (1= 22 4 2m(2)82) L+ 0 (%), if 6= 1
Using (12), the optimab (0 < § < 1) can be obtained by
] « Bs _ 2 (& _ Br 6 Bs ﬂr%;l _
Jmin e, (2% = 1) (1 2 4 =2 (2 5 1)) . (13)

The optimalé depends only onl,, andd,,. Fig. 3(a) shows the optimal choice 6fas a function of
the spectral efficiency for different d,, when the path loss exponentds= 4 andd,; = d,q = 1. For
ds. = 0, the optimals is 0.5, since by symmetry tHR — D andS — D links will be equally good on the
average. However, ag,. increases the optimal increases as well. For example, for the symmetric case
(i.e., dsy = drg = dsq = 1), dope = 0.7 wWhich means that the first phase should be allocated almase tw
as much resources as the second phase.

Fig. 3(b) shows the relative power gain over repetition ngdwith MRC that can be obtained by
optimally choosing’. The figure also shows the power gain of parallel coding when0.5 anddy; =
ds, = d.q = 1. This gain is very small at low spectral efficiency, but itreases with increasing. By
comparing (12) and (6), one can see that i$ fixed t00.5 the maximum achievable gain over repetition
coding is upper bounded bylog,,(1.5) ~ 0.88 dB. However, with optimized the gain grows without
bound ass increases. This shows how important the optimization «f for the performance.



IV. CASE2: DF RELAYING WITH ONE BIT OF INSTANTANEOUSCSIAT S

It is possible to improve on the performance obtained iniSedll, by letting D transmit one single
bit of CSI that indicates (in advance) whether transmissir the direct link would succeed or not. The
condition for a successfu§ — D transmission is precisely that,; must be large enough fa (a4, 3)
not to occur. If this CSl-flag-bit indicates that the directkliwill succeed, thers should simply use all
available channel use§’) for the direct link transmission (i.e,. not uge at all). Otherwise, the protocol
resorts to the one analyzed in Section Ill. As in Section i will analyze four different coding schemes
and combining techniques.

A. Repetition Coding and Selection Combinglat
The outage event with SC & using RC (henceé = 0.5) at R is

Olasa, 7)) [0l 28) | Ol010,28) | (14)
The outage probability is found by direct calculation to be
Pow = (27— 1) (220 — 1) LDt 0a/ 2t (%) . (15)
YsrVrd P

B. DF with Repetition Coding ak and MRC atD
The outage event with RC & and MRC atD is

O<&sdaﬂ>ﬂ ‘C)<Oéi1;’ 262U\C)(ard —trastQﬁ)/] . (16)
(o Oz O3

The outage probability is
Pow = Pr{(’)lﬂ(’)g}+Pr{(’)3|(’)1}Pr{(91ﬂ(’)§}. (17)
To compute (17) consider
P 2 Pr{0;0:}

PI" {03,01}
Pr {Ol}
281
foua(t)
= Price + g < 2% — 1,5 =t oLt
/0 { d d d } Pr {01}
281
= / Pr{asd + apg < 226 —1,a,g = t} gasd(t)dt (18)
0

In (18), f..,(-) denotes the pdf ofi,; and g, ,(t) is given by

_1 __t 8 _
Go,,(t) = s eXp < 'st) 0<t<2 1
‘ 0 otherwise



wheres £ Pr{0;} =Pr{o, <2° -1} =1 —exp ( ) Thus,

_ 281 "
P = / Pr{ard <2 _1-— t} exp (——) dt
0 SYsd Vsd
12 t— (220 —1 1
= —/ 1 —exp g —exp( )dt
S Jo Yrd Vsd Ysd
1 1— 28 -1 t— (220 -1) ¢
= —[1—exp( )}—/ exp g—— dt
< Vsd 0 SYsd Yrd Vsd

N J/
'

24
where A can be further simplified by considering two cases, namegly v,4 and~,, = v,.4. We obtain
—28 : _ 92 sd—r .
s % [1 &P (1731 ﬂ + c(wszld%d) Xp (1%2(1 ) [1 — &P (h“fjdvzdd) (27— 1))} T Ysa 7 e
P = (29)
1 1-2°8 281 1228 i _
E |:1 - eXp < Vsd > B Ysd eXp ( Yrd ):| If fYSd - fyrd

Having found P, we can obtain the probability of the outage event in (16) as

(

(em(i) (ool o) -en)-
_Ord 1— Ysd=r .
Pout = ’ysj—dq/rd oXP ( ) |:1 —OXp ( 'Y(:d%*dd )>] ) if Vsd 7£ Yrd
(o () (1w ()
e () () (2]
(20)

Using a series expansion, we find that

Pout — (2,8 . 1) (22,8 . 1) ’Ysr/’)/sd + ’Vrd/'ysd —05 (25 B 1)2 1 i 0 (%) ' (21)
VsrVrd YsdVrd 1%

By comparing (21) with (15), we see that the maximum possihla gf MRC over selection combining
is achieved at low spectral efficiency. This gain is 0.29 dBigh SNR ifd,, = d,; = d,q = 1. This gain
then starts decreasing when increasing the spectral effici€or example, for spectral efficienty= 0.5
and 2 bpcu, the gain at high SNR is 0.24 and 0.11 dB respegctiVhe performance of the scheme with
one bit of CSI feedback with SC approaches that of its couatergith MRC as the spectral efficiency
increases. This is due to the fact that the gain of MRC over S&3sentially gopower gain which is less
important than a bandwidth gain at large spectral efficesci

C. Parallel Coding atR and Selection Combing &?
With PC atR and SC atD, and¢ defined as before, the outage event is

Olatsas )] |Olsr: 8 J Olaa )] (22)
The probability of (22) is

20 —1[2% -1 2% —1 1
Pou = [ + ] +0 <—3) . (23)
Vsd Vsr Yrd P




If S andR use equal transmit power, (23) suggests that we can optifnazeording to
min (2% - 1) do + (2i - 1) 4o, (24)
8, 0<d<1

Note that optimal choice of does not depend odh,. This is natural, because it is implicit in SC that if
the S — R — D link is used, therD discards the transmission heard directly frémMoreover, we see
that d,p, = 0.5 whend,, = d,q4.

D. Parallel Coding atR and Code Combining &b
With PC at’R and using the optimal receiver (code combining)Patthe outage event is

0020, 8) () [Olsr, 3/0) | Ot a0 0)] (25)

Where@(asd,am,é) is given by (11). The probability of (25) can be found to be
(2 1) (27 -1) o

YsdVsr
<1 P S0 (gﬂ?:f _ 1)) L0 (pA) L if o £L

VsdVrd

Pout = (26)
1
(2% - 1) (25 - 1) VsdVsr
| (1274 m2)52%) 2+ 0 (38) =1
Using (26), the optimad (0 < § < 1) can be obtained via
6 - 1 26—1
: a (98s _ 8 _ a Br (985 _
Jmin 5 (2% = 1) (27— 1) + iy (27 -1). (27)

For the symmetric case (i.el,, = dsq = d.q = 1), we haved,,; ~ 0.6.

V. CASE 3: DF RELAYING WITH PERFECTINSTANTANEOUSCSIAT S

In this section we analyze the outage performance of adaiiV-based DF relaying protocols that
exploit instantaneougransmitter CSI for theS — R andS — D links. (It will turn out, that only one bit
of CSI for theS — D link is indeed necessary in this case.) Now, the paramjestiould be chosen based
on the instantaneous CSlI, such that the outage probabilityingnized.

A. Parallel Coding and Selection Combining Bt
The outage event with SC & is

Olatsa: H)[ [Oters ) | Ol )] (28)
20, ;62

where 3, = § and 3, = 1‘% as before. If the direct link is in outagé, should choosé as small as

possible but large enougﬁ so that the message red¢hbsother words, enough channel uses should be
allocated toS such that

Oy, Bs) € logy (1 + ) > Bs. (29)
Since, > § and) < 1, the optimald is obtained by
o 8
Jopt = min {1, gy (LT ou) } . (30)

Fig. 4 presents a flowchart for the optimal block length atam. This optimal assignment requires
two things: perfect knowledge of th8 — R channel gain (i.e.qs,) and additionallyonly 1 bit of CSI
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feedback fromD which indicates whether the transmission over the diredt Will be successful or not.
If so, S usesd,,, = 1. Otherwise,S chooses) according to (30).
Since O, and O, are independent, we have

Pout = Pr{(?l} Pr{OQ} (31)

Using the result in Appendix A, the probability of the outageent in (28) withé chosen according to
(30) is given by

26_1 26_1 26_1 sty r
o (o) (o (Y)Y
Vsd Vsr Vsd Vsr

- [(25 —1)" + Ko, Wa) (27 — 1)] %dlw +0 (%) ) (32)

Bt
00 1- 2 1- 205
K(Yer, Yra) = (In 2)/ 2t exp ( ) 1 —exp ( )] dt. (33)
8 Vsr Vrd

The functionx(vs., v-¢) can be evaluated numerically. An example plotxtf,,v,.4) versus power for
different spectral efficiencieg’f was provided in [17]. It can be shown thaty,,, v,¢) reaches a maximum
for a particular, and it then decreases slowly as the power increases. Tlgeprobability can be
upper bounded by

where

1
Wsd’ysr’
wherer is the maximum ok (s, v.4). The following result sheds some light on the asymptoticalvedr

of K(Vsrs Yrd):
Proposition 1 (Behavior ok(vs, Vra)):

Pow < (2= 1)"+ 7 (2 = 1) (34)

drg \“
li sry T = = 2lB -1
Hm #(sr, 7ra) (d5r> (27 -1)
hH(l) ’f(’ysm Vrd) =0 (35)
p—
Proof: See Appendix B. _ [ |
Using Proposition 1, the outage probabilities at IdWY) and high SNR lef)‘fth) are
28 —1 20 —1
PL?J"{ R <1—exp(— )> <1—exp<— )), p <1,
Vsd Vsr
VsdVsrVrd . Pgﬁh - (25 . 1)2 as p — oo (36)

Vsr + Yrd

B. Parallel Coding atR and Code Combining &b
We next consider PC & and CC atD. The outage event is given by

O(sa B) () [0, 8 | Ol aras )| (37)

where@(asd, a,.q,0) is defined by (11) and as beforg, = %3. The following proposition gives the optimal
choice of).
Proposition 2: The § that minimizes the probability of the outage event in (37) is

mi B
50pt = min {1, m} . (38)
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Proof: If the S —D link is in outage,;R must collaborate. In other words, enough channel usesahoul
be allocated taS such thatlog, (1 + ay,.) > (5. Sinces; > § andd < 1, the feasible set of solutions is
then given by P

log,y (1 + av,)
Among all possible solutions we should pick the one which im&es

<H< 1.

dlogy (1 4+ asq) + (1 —8)logy (14 ag) -

It is easy to see that if,; > «,4, We haved,,; = 1, which means that we should resort to non-collaborative

transmission. But in this case we are in outage anyway, sirceise@’ R only when theS — D link is

in outage. However, ifv,.y > a4, We should use a minimum amount of channel uses for the fissgh

Therefore, the optimal is given by (38). [ |
The block length allocation scheme according to Fig. 4 igettoee valid for DF with PC as well.

Sincef; > 3, R cannot cooperate wheaf(«,,, 3). Moreover wheriR cooperates, thé — D link cannot

support a spectral efficiency greater thanThus, the outage probability is given by

Pow = Pr{O(s. ) Olasas ) } + Pr{Ofaraa, aya, )| O(ater, ) () Oltsas ) }

J/

~~

Ap
Pr{O(au, ) Olau )}
The quantityP is evaluated in Appendix C. Thus, the outage probability carcdiculated as

2/6 —1 25 —1 sry s
Pow = (1—6Xp(— )) (1—exp<— ))er
Vsd Ysr YsrVrd

1 1
— |:(25 —_ 1)2 + y(")/s,,, ’}/rd,")/sd):| Yo Yor -+ O (E) y (39)

where

< B 1—92t 1-9r 1 _ 9158
V(Yers Yrds Ysa) = (In2)° / / exp ( + ) 1—exp | —— || 2"*"drdt.
Ié; 0 Vsr Vsd Yrd

The functionv(vs,, V-4, 7sa) €an be evaluated numerically. It can be shown that,, 7,4, 7s¢) reaches
a maximum for a particulaf, and it then decreases slowly as the power increases. Thgeptobability
can be upper bounded by

1

YsdVsr ’

wherer is the maximum ofv(~,,, 7.4, 7s4)- FOr high and low SNR we have the following behavior:
Proposition 3 (Behavior of (s, Vrd, Vsd)):

drg \ "
lim V(’Ysm’}/rda’ysd) - ( d) (2[3_1)2

(40)

Pow < [(27=1)" 47 (27— 1)]

p—00 dgr
EL% V(VSM Yrd; 75d) =0 (41)
Proof: See Appendix D. [ |

high

Using Proposition 3, the outage probabilities at IdY{) and high SNRP..5") are

low 26 1 26 1
Poi =~ 1 —exp | — 1 —exp|(— , Pl
Vsd Vsr

Ll g (1) a5 o “
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Comparing (42) and (36), we see that DF relaying with perfedtWit selection combining (SC) and
with code combining (CC) have the same outage probabilitiéis @blow and at high SNR. Fig. 5 shows
these outage probabilities fdr, = d,q = 1, anda = 4. The plots are obtained by numerically evaluating
(32) and (39). It can be seen that the outage probabilitiégmrmaBSNR are the same, and at high SNR both
schemes approach the asymptotic curve given by (36) and I¢42)worth mentioning, however, that CC
is more complex than MRC and SC.

VI. SUMMARY AND COMPARISONS

Table Il presents the outage probabilities of the schemegswie have studied in the paper. Clearly, all
DF-based collaborative schemes provide a diversity orfléwo. Note that all outage probabilities can
be written as

f(ﬁa 5)K(/75d) Vsrs ’Yrd) + 0O (%)

wheref(3,0) depends on the link spectral efficiengyand oné (the relative block-length allocated to the
first phase), and wher& (44, s, 7-¢) depends on the SNR and on the geometry of the relay network.
By neglecting theD(1/p?) terms at the end of all equations, we can compare the high{\fRrmance

of all schemes and investigate the effect of bandwidth atioa. For example, if we compare the outage
probability of repetition coding (RC) with that of selectionrsbining (SC) and MRC in Case 1, we see
that both have the samg& 3,6 = 0.5) while MRC gives a lower value of (vsa, Vs, 7ra) (Cf. Table II).

By doing a similar comparison for Case 2, we see that the gainREMver SC vanishes asincreases
(the first term of the outage probability of MRC is identicaltbtat for SC, and it dominates for largg

cf. Table II).

We next show some quantitative comparisons of the outageapilities for the different schemes.
Fig. 6(a) shows the relative gains of the collaborative sw over non-adaptive repetition coding with
MRC atD whend,; = d.q = 1, for 5 = 0.25 bpcu. It is seen that for small,, (i.e., whenR is close to
S), the gain of PC with one bit of CSI feedback is very close ta tfaDF relaying with perfect CSI.
Repetition coding in conjunction with one bit of CSI feedbaekfprms very close to its counterpart with
parallel coding wherR is close toD. Fig. 6(b) shows the corresponding relative gains/ce 2 bpcu.

It can be seen that the performance of repetition coding &i#m one bit of CSI feedback is poor at
high spectral efficiency. However, parallel coding with dneof CSI feedback provides results which are
comparable to those with perfect CSI whBnis close toS. Comparing Figs. 6(a) and 6(b), one can see
that the gain of the proposed schemes with one bit of CSI feddingreases with spectral efficiency.

VIl. SIMULATION RESULTS

We used Monte-Carlo simulation to verify our analytical fesuThe channelsS — R, § — D, and
R —D were assumed to be independent Rayleigh fading with méghsy = 4, whered,; is the distance
between node and nodej. Fig. 7 shows the outage probability versus power when 2 bpcu for the
symmetric case. In addition to the analytical and the sitiarlaresults, high-SNR approximatiochare
plotted as well. We see that the high-SNR approximationgigh¢. For this particular spectral efficiency,
relaying with one bit of CSI feedback outperforms converdgicsiecode-and-forward with MRC & by
2.9 dB. With perfect CSI feedback and SC, the gain is 4.5 dB atgeupmobability10~3. DF with PC
in conjunction with perfect CSI can further improve the periance. This improvement varies between
1 and 0.5 dB in the shown SNR range, but will vanish at higheRSWe also see that the scheme with
one bit of CSI feedback outperforms non-collaborative tnainsion for the entire SNR range.

*The high-SNR approximations are obtained by neglecting the té€rtig,®) in the analytical expressions; see Section VI.
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VIIl. CONCLUSIONS

We have provided analytical, finite-SNR results on the omitpgrformance of DF relaying and ad-
ditionally used these results to optimize the number of nkamses allocated for the source and relay
transmissions, respectively. We considered three basiescahe source had either long-term channel
knowledge, 1-bit channel knowledge, or perfect (instamtas) information about the channel gain.

We showed that for fixed SNR, the effect of optimizing the baiddhvallocation between the source and
the relay provides a substantial power gain. However, thigyozation does not affect the diversity order,
which is two in all cases, since there is no optimization ssnadependently fading channel realizations.
A number of other interesting observations have also erderger example, we have seen that the
performance of selection combining can be comparable toah®RC and that of code combining. We
have also demonstrated that for the case of perfect chanoell&dge at the source, selection combining
and code combining provide the same performance as SNR ag®® infinity. However, at moderate
SNR, code combining provides better performance than sshecombining.

APPENDIXA
CALCULATION OF PZop

The probability that theéS — R — D path is in outage is given by

P2 2 PrlO(oy. )| Olae )}
= Pr{a, <27 -1} + Pr{c{’”d <2t

g > 2% — 1} Pr{a, >2°—1}.

We first calculate the following intermediate quantity:

o logo (1+asr)
p & Pr{ard <20 — 1l > 2° — 1} = Pr{ozrd < QPmiresr 50 _ 1|a,, > 2° — 1}
Blogy(1 + ag,)
= Pkl 1 rd) < ‘1 1 o) >
{log,1 + arg) < (2200 liog (1 4 a) > 5
= Pr{y< be x>6}, (43)
r—f
wherez £ log,(1 + a,.) andy = log,(1 + a,4). The pdfs of the random variablesandy are given by
In2 1 -2t In2 1 -2
folt) = 2 exp( )22 £t = 2 eXp( )22 t>0. (44)
Vsd Vsd Yrd Yrd

Thus,

Bt
9y e} o0 1 _ 2@
P = / Pr{y < bz }fx(x)dydx = / L—exp | — || fa(t)dt
Jé] r— 3 8 Yrd
1n2/°° . (1—2t> [ <1—2f%>]
= 2" exp l—exp| —— || dt.
Vsr J g Vsr Vrd

We thus obtain
26— 1 26 1 s Vr
Powt = 1 —exp (— ) + exp (— ) or, Y d), (45)
’YST IVST 757“

where (v, ¥rq) IS given by (33).
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APPENDIX B
PROOF OFPROPOSITION1

A. Limit at infinity
First we establishim,_. x(7sr, 7+¢). We do this by finding an upper and a lower bound.

Lower bound Observe that
Bt
1— 275
) 2 1 e (_)
Yrd

is a decreasing function ovép, co]. We thus have, fot > 0:

Bt
1 — 275 1 — 98
s(t) > lim 1 — exp (—) =1—exp < ) . (46)
t—o0 Yrd Yrd

Using (46), we obtain

1—2° o 1—2t
K(Ysr, Yra) = [1 — exp < )] (In 2)/ 2" exp ( ) dt
Yrd 38 Vsr
1—28 1—28
Ysr {1 —exp ( )] exp ( ) . 47)
Vrd Ysr

Upper bound Let e, ¢ > 0 and M, M > (3 + ¢ be arbitrary ands(vs,, v-¢) = I1 + I + I3, where

B+e 1—9t 1— 2%
(In 2)/ 2! exp ( ) l—exp | — || dt,
8 Vsr Yrd
M t 25
1-2 123
I, £ (In 2)/ 2" exp < ) l—exp| — || dt,
B+e Vsr Vrd
Bt
o0 1-2 1—2t7
I; £ (In 2)/ 2" exp ( ) l—exp| — | | dt.
M Vsr Yrd

Bt
Sincel — exp (1‘3;B> < 1, we have

Pre 12 1-2° 1 — 20+
I < (In 2)/ 2 exp ( ) dt = s, {exp ( ) — exp <—)} : (48)
B Vsr Vsr Vsr

Now we boundl,. Recall thats(t) is a decreasing function ovés + ¢, M]. Thereby, we have

6(ﬁ+5) M t

1—-2"= 1-2

L < |[l—exp| —— || (In 2)/ 2" exp ( ) dt
Yrd B+e Ysr
B(B+e)
1—-2"= 1 — 28+ 1 —2M

ot e (122 {exp (_) ~exp ( )] | (49)

Vrd Ysr Ysr

Similarly, we obtain

BM
1 — 25 = 1 - o
I; < [1l—exp| —— || (In 2)/ 2" exp ( > dt
Yrd M Vsr

<2Mfﬁ — 1> 2" exp = — (2M43 — 1) exp
Yrd M Vsr Vsr Yrd Vsr

zd (2% 1) (50)

lI>

I

IA

IN
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where we used — e* < —z.
Putting (47)-(50) together, we have

51 S 'Li(’}/sraﬁ)/rd) S (52 (51)
where

[ 1—2° 1—28
01 = Ysr |1 —exp exp ;
L Yrd Vsr
[ 1-2° 1 — 20+
0y = Ve |€XP —e&Xp| ——— +
L Vsr Vsr
1— 25([*;5) 1 — 9B+e 1 —9M Yer sM
Yor |1 —exp | ——— exp| — | —exp + (2 M-8 — 1) .
L Yrd Vsr Ysr Yrd

The inequality (51) holds for any > 0 and M > 3 + ¢, and any~y,,. and~,,. Taking limits from the
upper bound and the lower bound in (51), we obtain

lim 6, = 2T (2°—1), (52)
p—00 Yrd
and
mw2:2ﬂf—n+ﬁ%ﬁ%—g. (53)
p—00 Yrd

In (53),c and M are arbitrary numbers. By choosiagand M small and large enough, respectively, one
can make the right hand side of (53) arbitrarily close to tightrhand side of (52). That is, the upper
bound and the lower bound in (51) meet each othep approaches infinity. Thulm, ... £(Vsr, Vra)

exists and its value is N
lim &(Ysr, Yra) = — (27 = 1). (54)

p—00 Vrd

B. Limit at zero
Finally we prove thatim, .o x(7s-,7+4) = 0. This follows directly since

Gt
o0 12 1— 2%+
0 80.70) = (02) [ 2texp( ) e (2227 |
B Vsr Yrd
o 12 1—2°
(In 2)/ 2" exp ( ) dt = 74 exp < )
Jé] Vsr Vsr
—_—

< 75 — 0, asp — 0.

IA

APPENDIXC B
CALCULATION OF P

f’éPr{gz—i—(1—ﬁ)y<ﬂ‘x>ﬁ,z<ﬂ}

Consider

z
wherex = logy (1 + ay,), ¥y = logy(1 + aiq), andz = log,(1 + as). The pdfs of the random variables
andy are given by (44) and the pdf af conditioned on the event: < 3} is

In2 1-2% z

0 otherwise
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wheres £ Pr{z < 8} =1 — exp ( > After some manipulations, one obtains

B 00 B 1— 2%5
= /ﬁ /U 1 —exp (T)] g(r) fo(t)drdt. (55)

APPENDIXD
PROOF OFPROPOSITIONS3

A. Limit at infinity
The V(75r7 Vrd) W/sd) is given by

o B 125"
V(’Ysra Vrd, ’}/sd) = YsdVsr / / 1 - EXp | —— fz(r)fff (t)drdta
I} 0 Yrd

where f,.(t) is given in (44) andf.(r) = exp < ) 2", r > 0. To this end, we establish an upper

and a lower bound om(vs,, Vrd, Vsd)-
Lower bound Note that we have

1 — 258 120
l—exp| — | 21 —exp
Vrd Vrd

when0 < r < g andt > (5. Thus we obtain

_9p
V(’Ysm'%ﬂdf)/sd) 2 VsdVsr |:1—6Xp(1 : ):|/ / fz fr )d”/’dt

Vrd
1—2°8 1—2°8 1—28
= YsdVsr |1 —€xp 1 —exp exp
r)/rd r)/sd ’Ysr
ST ]-
= (27-1)"2 +o(—). (56)
Yrd P

Upper bound We have

t—r Bt
1 — =48 1—2i-5
l—exp| —— | <1 —exp )
Vrd Vrd

when(0 < r < g andt > (3. Then

_Bt_
V(’Ysr;’%"d”)/sd) S ’7sd'757"/ / ll_exp< — B)] fz(r)fr(t)drdt
_ 9B _9i%
e ren () [ (152 s

_ 98
= YVsd |:1 — €xp (1 2 )] H(7sr77rd)' (57)

Vsd

Using (56), (57) and (54), we obtain

Hm 2 (Yo Yrds Ysd) = = (20 — 1) (58)

p—00 ’}/Td
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B. Limit at zero
Now, we prove thatim, .o v(Vsr, Yrd; Vsa) = O:

> [h 1 — 257
0< V(’}/sra Vrd; ’st) - ’ysd’ysr/ / l—exp| ——— fz(r)fx (t)d’l“dt
B 0 Yrd
<1

0 rB
< %df)/sr/ﬁ /O‘ fZ<T)fx(t)drdt

1—2° 1—2° 1—2°
= VsdVsr 1- exp 1— exp exp
’}/Td 1L 'st N fy,sr ,

.
~\~

<1 <1 <1
< VsdVsr — Oa asp — 0.
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SUMMARY OF RESULTS. OUTAGE BEHAVIOR OF THEDF RELAYING SCHEMES IN THE TABLE, ;; IS THE AVERAGE SNRFROM NODE
TO NODE j AND p IS THE TRANSMIT POWER (FOR THE DEFINITIONS OFCASES1, 2AND 3, SEETABLE |.)

Transmission scheme Pous: Outage Probability
. _— 281
Direct transmission§ — D) T 0] ( )
. . 23 Yrd/Ysd+tYsr /s 1
Repetition coding and SC (220 — 1)* 2z ed tenad 4 O ( 3)
Case 1 | Repetition coding and MRQ (220 — 1)? 2eal2eat0Mer /20 4 p%,)
; ; 2P8s 1 [2Ps—1 | 2Pr_1 1
(Section 1ll) | Parallel coding and SC Ysd [ poa i ] +0 (—3)
—1
) T ol GRS +0 (%), a3
Parallel coding and CC "’”””2 Tsdrd P~ 2
(22%-1) (1-2%8+21n(2)322P) 1 T
VsdVsr + VsdVrd +0 (f?’) ’ if o= 2
Repetition coding and SC (27 — 1) (2°7 — 1) 2Zexfreatiealted 4 O ( )
i i 8 _ 268 _ 1Y) Ysr/Vsd+Vrd/Vsd _ 8 _1\2__1 1
Case 2 | Repetition coding and MRQ| (27 —1) (2*7 — 1) sdTirdied — 0.5 (27 —1)" =~ + O (pg)
(Section 1V) | Parallel coding and SC 25;1 [Qi:l + = _1} +0 ( )
(QBS - 1) (26 - 1) 'Vsdl'Ys'r +
5—1
1-92° 4 S=Lofr (2955 +o (%), ol
Parallel coding and CC ( 20t ( )) Jedird ( 3) :
(225 ) ( B ) "/s(ll’Ys'r
(1-27 +m(2)52%%) L+ 0( %), if 5= 1
Case 3 | Parallel coding and SC [(25 - 1)2 + 5(Yor, vra) (27 — 1)} =+ 0 (p%)
(Section V) | Parallel coding and CC [(2" - 1)2 + v(Vor, Yrd, Vsd) ] I 11% (%)
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